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Abstract

When studying the dynamics of living systems, insight can often be gained by

developing a mathematical model that can predict future behaviour of the system

or help classify system characteristics. However, in living cells, organisms, and

especially groups of interacting individuals, a large number of different factors

influence the time development of the system. This often makes it challenging to

construct a mathematical model from which to draw conclusions.

One traditional way of capturing the dynamics in a mathematical model is to

formulate a set of coupled differential equations for the essential variables of the

system. However, this approach disregards any spatial structure of the system,

which may potentially change the behaviour drastically. An alternative approach

is to construct a cellular automaton with nearest neighbour interactions, or even

to model the system as a complex network with interactions defined by network

topology.

In this thesis I first describe three different biological models of ageing and

cancer, in which spatial structure is important for the system dynamics. I then turn

to describe characteristics of ecosystems consisting of three cyclically interacting

species. Such systems are known to be stabilized by spatial structure. Finally, I

analyse data from a large mobile phone network and show that people who are

topologically close in the network have similar communication patterns.

This main part of the thesis is based on six different articles, which I have

co-authored during my three year PhD at the Center for Models of Life. Apart

from these, I have co-authored another six articles, which also relate to spatial

models of living systems. These are included as appendixes, but not described in

detail in the thesis.
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Summary in danish

Når man studerer dynamikker i levende systemer, kan man ofte opnå indsigt

ved at udlede en matematisk model, som kan forudsige systemets fremtidige

opførsel eller hjælpe til at klassificere systemets karakteristika. I levende celler,

organismer og specielt i grupper af interagerende individer er der dog ofte et

stort antal forskellige faktorer, som influerer systemets tidsudvikling. Det kan

ofte gøre det udfordrende at konstruere en matematisk model, som man kan

drage konklusioner ud fra.

En traditionel måde at beskrive dynamikken med en matematisk model er at

formulere et sæt af koblede differentialligninger for systemets essentielle variable.

Ved denne tilgang ser man dog bort fra enhver rumlig struktur, der potentielt

kunne ændre systemets opførsel dramatisk. En alternativ tilgang er at konstruere

en cellularær automat med interaktioner mellem nærmeste naboer, eller definere

et komplekst netværk med interaktioner defineret af netværkets topologi.

I denne afhandling beskriver jeg først tre forskellige biologiske modeller for

aldring og kræft, hvor rumlig struktur er vigtig for systemernes dynamik. Derefter

beskriver jeg egenskaberne af økosystemer bestående af tre cyklisk interagerende

arter. Sådanne systemer er kendt for at blive stabiliseret af rumlig struktur.

Endelig analyserer jeg data fra et stort mobiltelefonnetværk og viser, at personer

som er topologisk tæt på hinanden i netværket har kommunikationsmønstre, som

ligner hinandens.

Dette udgør hoveddelen af afhandlingen, der er baseret på seks forskellige

videnskabelige artikler, som jeg har været medforfatter på under min ph.d..

Udover disse har jeg været medforfatter på yderligere seks artikler, der også

relaterer til rumlige modeller for levende systemer. Disse er vedlagt som bilag,

men er ikke beskrevet i detalje i afhandlingen.
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Chapter1

Introduction: Spatial models

and networks of living systems

Living systems are made up of a large number of interacting components cou-

pled to an external environment, making a exhaustive mathematical description

exceedingly difficult. This poses a challenge when trying to characterize the

behavior or predict the time evolution of single cells, multicellular organisms,

or even large populations of interacting individuals. In order to describe such

systems mathematically, it is necessary to identify the essential features of the

system and formulate a simplified model able to capture the dynamics of the full

system. To simplify a complex system requires careful consideration: If too many

factors are disregarded, interesting behavior or important information might be

lost. Conversely, if too many parameters are included, both the explanatory and

predictive power of the model is reduced.

A typical approach to approximating the time evolution of a complex system

is to identify the essential parameters and construct a set of coupled differential

equations defining the change in these parameters given their initial values. That

is, to write the equations of motion of the system. As an example of this, consider

the spread of a particular disease in a large population of individuals. The full

system is exceedingly complex: Each individual may react differently to the

disease, have different incubation periods, and some individuals will have a

higher probability of infecting others. However, in the classic, yet unpublished,

work by Lowell Reed and Wade Hampton Frost from the 1920s the description

of the population was simplified to contain only three groups of individuals:

The susceptible, the infected, and the recovered [1]. The equations of motion

contained only two parameters: The probability for a susceptible individual

1



2 Introduction: Spatial models and networks of living systems

to meet an infected one and get the disease, and the rate with which infected

individuals recovered. Thereby, Reed and Frost were able to mathematically

describe the number of infected individuals over time.

A limitation of the differential equation approach is that spatial structure of

the system is disregarded. In many living systems, spatial structure has a large

influence on the dynamics. Considering again the spread of a disease, a single

individual living on a remote island will be less likely to become infected than a

family living in a crowded city. Also, before the advent of regular plane traffic,

diseases would spread like a circular wave through the population with suscepti-

ble individuals outside the perimeter of the circle, and with recovered individuals

only in its centre [2]. Such patterns are lost in the simplified differential equation

model.

To model the spatial structure of a system, one can instead construct a cel-

lular automaton. Here, individuals are located on a regular grid, and for each

individual, a neighbourhood is defined. Typically, one chooses a square grid

with the Von Neumann neighbourhood, where each individual has a neighbour

to the north, east, south, and west, and only nearest neighbour interactions are

allowed [3]. If the above disease model is implemented on such a grid, the spatial

patterns of the disease spread will emerge from the dynamics [1]. Furthermore,

cellular automatons have been used to gain critical insight into the effect of

spatial structure on solid state physics, pattern formation in biology, forest fires,

cryptography, and many other areas of science [4, 5, 6, 7, 8].

A cellular automaton evolves in time on a regular network. If one wants to

describe more complicated spatial structures, such as islands, highways or airports

in a geographical model, it is possible to include these in a general network. Here,

an individual can be linked to any other individual in the population, and not

necessarily only to its geographical neighbours. Such network models have

proved successful in predicting when global epidemics will spread to individual

countries and cities with a few days margin of error [9, 10]. Furthermore, networks

can be used to model many other types of systems ranging from technological

networks like the internet or telephone grids, over social interactions between

individuals, to biological networks such as food chains or even the brain [3].
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This thesis is based on 12 different articles I have co-authored during my

three year PhD at the Center for Models of Life. Of these, nine articles have

been published in, and two more submitted to, international journals and are

included as appendixes, while one is still in progress. The articles cover a variety

of different subjects and methods, but what they have in common is that they

seek to describe complex, living systems for which spatial structure is often an

essential factor. The articles are listed on page viii.

The thesis consists of three chapters in which the research behind six of the

articles are presented.

Chapter one covers the three biological models of article 4, 8, and 9 describing

ageing and the formation of cancer in populations of mammalian cells. The

chapter starts with a general introduction presenting the biochemical processes

behind the models, and then presents the models one by one.

Chapter two addresses intransitive biological systems, which are the focus of

article 3 and 6 and also treated in article 7. In these models, three species (e.g.

strains of bacteria) interact cyclically in a spatial setting: Species one invades

species two, which can invade species three, which, in turn, invades species one.

This is reminiscent to the children’s game of rock-paper-scissors. This chapter also

starts with a general introduction to intransitive biological systems, after which

the non-spatial model is treated mathematically. Thereafter, the two models are

presented.

Chapter three deals with the analysis of a large mobile phone network, which I

studied during a stay at Northeastern University in Boston in the fall of 2012. This

chapter is based on article 12, which is still in progress and therefore not included

as an appendix. Also, this part of my thesis distinguishes itself in being based on

actual data from a large mobile phone company, as opposed to simulated data

from simplified models which forms the basis of most of the other articles.

Of the articles not presented in detail in this thesis, article 1 and 2 are based

on work that I started during my masterŠs thesis and finished and published in

the beginning of my PhD. The data from article 2 was furthermore used in the

general game theory study of article 7. Article 5 and 11 are based on two of the
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eight student projects that I have supervised during the PhD. Finally, the main

work on cell sorting presented in article 10 was done during a visit at Harvard

Medical School and finished in the last months of my PhD.



Chapter2

Biological models of ageing and

cancer

2.1 Introduction: Understanding ageing and cancer

2.1.1 Multicellular organisms as dynamic systems

Cells are the building blocks of life. To understand the processes of cancer and

ageing, it is necessary to examine the dynamics at the level of individual cells.

The types of cells we consider, in this chapter and the associated articles, share

some very general properties: They contain DNA that codes for proteins, which

the cells assemble from amino acids to carry out various tasks within the cell.

They have the ability to divide, a process during which the entire DNA is repli-

cated such that each daughter cell inherits a complete copy. They communicate

with neighbouring cells either through direct contact of their membranes, or by

secreting chemical compounds that can be detected by other cells. Furthermore,

many cells are able to initiate a process that leads to self destruction - a process

known as apoptosis or programmed cell death.

Certain cells have the ability to change their function over time, thereby

specializing in a particular task in the organism. This is done by altering the

degree to which some parts of their DNA is expressed, thereby modifying the

protein composition in the cell. These cells are called stem cells, and are often

found in special niches throughout the organism.

The properties of single cells continue to be studied in detail in research

facilities all over the world. However, even if we succeed in understanding all

biochemical processes of single cells in detail, it is not necessarily possible to

deduce the behavior of a large population of cells that constitute an organism. In

5



6 Biological models of ageing and cancer

such a complex, often chaotic system, small stochastic effects can alter the system

dynamics completely, making it hard to give precise predictions of the system

behavior. Furthermore, such a collection of cells will inherently have spatially

structure. As emphasized in the introduction to this thesis, this often changes

the system dynamics dramatically, which we will show several example of in the

models described in later sections.

2.1.2 DNA damage and DNA repair

All cells are constantly being exposed to potentially harmful factors. These can

be chemicals originating within the cell such as reactive oxygen species produced

in the mitochondria when the cell metabolizes sugar in the ATP synthesis. The

cells are also exposed to external factors such as UV-light, ionizing radiation, or

toxic chemicals [11].

These factors give rise to as many as 100,000 DNA damages in each cell every

day [12]. Furthermore, DNA damages may occur during the replication process

of the cell. The damages can take a variety of forms such as non-matching

base pairs, covalent bindings between bases on the DNA, and single or double

stranded breaks to the DNA.

Luckily, the vast majority of DNA damages are immediately repaired. For

each type of DNA damage one or more pathways, specialized in repairing the

damage, exist. Each of these pathways may involve hundreds of different proteins

[13]. When a DNA damage is not repaired, it may result in cell cycle arrest and

subsequent apoptosis. If the damage instead becomes permanent and a different

succession of bases are copied when the cell replicates, the damage has become

a mutation and is passed down through the cell lineage. In most cases, such a

mutation will impair the function of the cell.

DNA damages to stem cells are particularly harmful, since the stem cell

population lasts throughout the lifetime of the organism and gives rise to all

other cell lineages as they renew cells in different types of tissue. Therefore,

somatic stem cells are kept in a low-activity quiescent state to minimize the use of

ATP and thereby reduce the production of reactive oxidative species. When cell

renewal is needed to maintain homeostasis, stem cells move from the quiescent
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state into a proliferating state, where the risk of acquiring DNA damage increases

[14, 15].

2.1.3 Telomeres and Hayflick limit

Telomeres are a repeated sequence of base pairs at the ends of chromosomes. As

opposed to the rest of the DNA, the telomeres do not code for proteins. Instead,

their main function is to prevent loss of genomic information during chromosome

replication [16].

Each time a cell divides and the chromosomes are copied, the ends of the

chromosomes are shortened. This is known as the end-replication problem,

and leads to a telomere shortening of 50-100 base pairs per replication [17, 18].

When the telomeres reach a critical length the cell enters a state of permanent

replication arrest that prohibits any further proliferation [19]. This is known as

cell senescence.

Hence, the continuous shortening of telomeres gives rise to an upper limit

for the number of times a cell can replicate. The number of divisions a cell can

undergo before it reaches senescence is called the Hayflick limit [20], and can be

estimated to around 50 cell divisions in vitro [21, 22]. It is hard to give a precise

estimation for the Hayflick limit in vivo. For fast turnover tissue, a Hayflick limit

of around 50 corresponds to a cell lineage lifetime of a few years. After this, all

information of DNA damages and mutations that have been inflicted to the cell

lineage is permanently lost.

2.1.4 Ageing in a multicellular organism

As the organism ages, the physiological functions gradually deteriorate. Muscle

mass is lost, bones turn brittle, the immune system becomes more vulnerable to

infections, and blood vessels become less flexible.

At the cellular level, it is hard to pinpoint a single mechanism that gives rise

to ageing. Instead, several very distinct mechanisms are thought to contribute to

physiological ageing to varying degree. One major contributor is the accumulation

of unrepaired damage to mitochondrial or nuclear DNA [23, 24, 25]. Damage to

mitochondrial DNA may create a vicious circle, where the damaged mitochondria
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produce more reactive oxygen species during the ATP synthesis. This, in turn,

gives rise to even more damages both to nuclear DNA and mitochondrial DNA

[26].

Another hypothesized source of ageing is the accumulation of senescent

cells [20, 27]. In primates it has been shown that senescent cells accumulate

exponentially with age [28] and may constitute up to 15% of old tissue [19]. The

senescent cells inhibit the ability of the tissue to repair and renew areas of damage,

and may also change the microenvironment of the tissue through secretion of

proteins [19]. Furthermore, cell senescence arises as a consequence of telomere

shortening, and short telomeres have been linked to increased mortality and age

related diseases [29]. This supports the hypothesis that cell senescence plays a

prominent role in ageing.

2.1.5 The formation of cancer cells

Cancer cells are cells that divide in an uncontrolled and rapid fashion. In order to

become cancerous, a cell needs several distinct mutations. Genes that are critical

in maintaining cells in a noncancerous state are called proto-oncogenes or tumor

suppressor genes. Estimates of the number of mutations in these genes needed

for a healthy cell to turn cancerous range from 3 to 6 [30] and above [31].

A cancer cell needs to avoid going apoptotic. When a cell divides at an

unregulated pace, a pathway is initiated that leads to the self-destruction of the

cell. To avoid this, the cancer cell needs one or more mutations that disable this

pathway. Often, the mutation will be in the gene that codes for the p53 protein,

which plays a central role in apoptosis [32].

The rapid and uncontrolled division itself needs to arise from one or more

mutations, most often in the replication pathways of the cell. Furthermore,

cancerous cells that metastasize need one or more mutations to be able to invade

tissue of a different type than the cancer cells [33].

Finally, the cancer cell must bypass the end-replication problem mentioned in

section 2.1.3. That is, it needs to be immortal beyond the Hayflick limit, which

limits the number of divisions a cell can undergo. This is most often achieved by
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turning on a gene that extends the telomeres [34].

From this perspective, the mechanism of telomere shortening can be thought

to work as a fail-safe mechanism against cells that divide in an uncontrolled and

rapid fashion, particularly cancer cells [35]. If the proliferation limit associated

with telomere attrition did not exist, cells would need fewer mutations in order

to become cancerous. Simply put, one can say therefore that telomere shortening

helps prevent cancer, but also contributes to the ageing process.

2.2 Model 1: Fragility of the DNA Repair Mechanism

2.2.1 Introduction

When investigating ageing in the human organism, it is interesting to consider the

timescales over which ageing occurs. At the organism level the relevant time scale

for ageing is of the order of magnitude of 100 years. In some slowly proliferating

cells ageing can be attributed to the accumulation of damage in individual cells.

This is the case for bone cells and neurons with life spans well over 30 years.

However, for highly proliferating cells with typical life spans of a few days [36],

the entire cell lineage will reach the Hayflick limit after only a few years. When

this happens, all information of the accumulated damage in these cells is lost.

Therefore, ageing can not be a direct consequence of DNA damage accumulated

in individual cells or mutations transmitted through the lineage of cells in fast

turnover tissue.

Instead, ageing in highly proliferating cells can be explained by the progressive

decline of stem cell function [37, 38] as these accumulate damage. Somatic stem

cells have much longer life spans than the highly proliferating cells, which they

regenerate and renew. Furthermore, telomere shortening in stem cells is much

slower than in other cells, so they have the potential of dividing many more times

before going senescent.

The accumulation of damage in stem cells primarily happens when these move

from the low-activity quiescent state into a proliferating state, where the risk of

acquiring DNA damage increases [14, 15, 39]. Therefore, the decline of stem cell

function will depend on how long the proliferating cells can maintain a high
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level of functionality without requiring renewal from the stem cell pool. If only a

modest inflow of stem cells is required in the tissue, ageing of the organism will

happen slowly.

The ability to repair DNA damage has been observed to have a great impact

on ageing. Diseases such as Werner syndrome, ataxia telangiectasia, and Bloom

syndrome [40, 41], which cause symptoms of premature ageing, are all associated

with mutations in DNA repair proteins. Interestingly, it has also been shown in

several organisms that the capacity for DNA repair declines with age [42] and

that the mutation frequency increases with age [43].

In this section we investigate the feedback loop of DNA damage leading to

mutations that impair the ability to repair future genotoxic damage. We introduce

a simple model to investigate how a population of highly proliferating cells

exposed to genotoxic damage may maintain a high function without renewal

from the stem cell pool.

2.2.2 Model

We investigate a population of N cells, which continually acquire DNA damage.

The result of the damage to an individual cell is modeled by three possible

outcomes: repair, apoptosis and mutation (see figure 2.1)

1. The damage can be fully repaired with probability R. Initially all cells have

a probability R = R0 for repairing DNA damage. This repair rate will

decrease as the cells accumulate damage, making the repair rate R specific

to the individual cell.

2. If the cell is unable to repair the damage, it can go apoptotic with probability

a. Here, a is a parameter which is the same for all cells. When one cell goes

apoptotic, another cell immediately divides to replace it, keeping the total

number of cells constant. After the division, the daughter cells inherit the

repair rate from the parent cell.

3. If the cell neither repairs nor dies, the cell accumulates the damage through

a mutation in the DNA, impairing its ability to repair future genotoxic
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damage from R to R − ∆. The parameter ∆, which is also equal for all

cells, can be interpreted as the fragility of the DNA repair mechanism. If

∆ is large, cells with unrepaired DNA damage will have a greatly reduced

ability to repair future genotoxic damage.

We model the system of cells in both a well-mixed environment and with

spatial structure. In the spatial case, the cells are located on either a 2 or 3

dimensional square lattice. When a cell goes apoptotic, it can only be replaced by

a neighbouring cell dividing. In the well-mixed system, a cell that goes apoptotic

will lead to the division of a random cell chosen from the entire population (see

figure 2.2).

For simplicity we choose not to model cell senescence or the influx of new

cells from the stem cell pool explicitly. However, these are considered implicitly

by monitoring the number of cell replications and the total number of cells at any

point in time.

2.2.3 Results

When starting a simulation, all cells initially have the same repair rate R0, which

will, therefore, also be the average repair rate of the system, 〈R〉. As the simulation

progresses, the average repair rate will decrease as cells accumulate mutations.

The repair rate of each cell will inevitably drop to zero, since mutations are

irreversible. However, we see from figure 2.3 that a temporary steady state exists,

where the repair rate of the system fluctuates around an average value of R∗. It

may seem counterintuitive that a steady state can occur, when the repair rate of

each individual cell can only decrease. However, the steady state is maintained

because cells with a low repair rate are more likely to go apoptotic and be replaced

by cells with a higher repair rate. This keeps the average repair rate constant over

time.

The system will leave the temporary steady state after a characteristic time τ,

at which point the average repair rate drastically drops to zero. Thus, after a time

τ introduction of new cells from the stem cell pool is needed to sustain a high

average repair rate in the system. As mentioned in the introduction, the stem
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(1- R)a

R

(1- R)(1-a)

Complete repair

Apoptosis + Replacement

Accumulation of damage

Figure 2.1: Schematic illustration of the three possible outcomes of DNA dam-
age. When a cell acquires DNA damage, it may respond in one of three ways: i)
Complete repair of the damage with probability R. ii) Apoptosis with probability
(1− R)a, in which case another cell divides to keep the number of cells constant.
iii) Accumulation of the damage through a mutation, reducing the rate of repair
to R−∆.

cell pool accumulates less damage (and consequently fewer mutations) when the

rate of proliferation for stem cells is reduced. Therefore, a large τ corresponds

to a slower ageing of the organism. It is, therefore, interesting to investigate the

dependence of τ on the three parameters R0, a, and ∆ (see figure 2.4).

When the system has a high initial rate of repair R0, both the time spent in

steady state, τ, and the average rate of repair in this state, R∗, increases (see figure

2.4a). The initial rate of repair can be thought of as the repair rate of somatic stem

cells, since new, undamaged tissue is produced by these cells. A high repair rate

of stem cells is therefore not only important for avoiding DNA damage in the

stem cell pool, but also for keeping a consistent high level of function in tissue

cells.

If the probability, a, of a cell to go apoptotic when DNA repair fails is high, the

risk of accumulating damage decreases. This causes both R∗ and τ to increase (see

figure 2.4a). One would expect that increasing the rate of apoptosis would cause
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Apoptosis Replacement Increased functionality

Figure 2.2: Schematics of the simulation: Every time step Ncells acquire damage.
If a cell goes apoptotic, another cell is chosen to replicate. In the well mixed
system any cell can replicate, but in the spatial models only neighbouring cells
are allowed to replicate. When a cell gets a mutation, the cellŠs repair capability
decreases. Cells are not allowed to revert the mutations. The average tissue
repair rate is effectively maintained by the fact that the cells with impaired repair
capability has a higher probability of going apoptotic. They are then replaced by a
random cell, which might have a higher repair rate, thereby effectively increasing
the average repair rate of the tissue.

more cells to go apoptotic per unit time in the steady state situation. Surprisingly,

this is not the case. The increased risk of apoptosis when the repair mechanism

fails is exactly balanced by the increase in the average rate of repair in the steady

state, which causes the repair mechanism to fail less frequently. Hence, the

rate of cell divisions needed to maintain homeostasis is not affected by a higher

apoptosis rate. Consequently, the time before a cell lineage reaches the Hayflick

limit is also unchanged after an increase in the apoptosis rate.

The last parameter, ∆, represents the fragility of the DNA repair mechanism.

One would expect that a fragile repair mechanism would result in a low average

repair rate and a high need for stem cell inflow. However, again the opposite

result is seen. When ∆ is high, cells that have once been inflicted with DNA

damage will be more likely to go apoptotic when exposed to further DNA damage

later. Thus, damaged cells are removed from the system at a higher rate. This

allows the system to maintain a high rate of repair longer, the more fragile the

DNA repair mechanism is to DNA damages (see figure 2.4a).

Figure 2.4b displays the time spent in steady state depending on the spatial

structure of the system. In the case of a well mixed system, the time τ increases

rapidly with the number of cells, N. If the system has either a 2 or 3 dimensional

spatial structure, such that apoptotic cells can only be replaced by neighbouring
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Figure 2.3: Development of average repair rate over time for different sizes of
well-mixed cell populations. The average repair rate of the system drops as cells
irreversibly accumulate mutations. Since cells with a low rate of repair are more
likely to go apoptotic, a temporary steady state exists where the repair rate of the
system fluctuates around an average value of R∗. If τ is large, a high rate of repair
may be maintained without renewal from the stem cell pool, and consequently
the organism ages more slowly. The length of time, τ, before the system leaves
this temporary state increases drastically with the size N of the system. The
simulation is carried out with parameters R0 = 0.99, a = 0.05, ∆ = 0.0056. For
each population size, the median of 20 simulation runs is shown.
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Figure 2.4: Dependence of the time τ spent in steady state on the parameters
R0, a, and ∆, and the population size N a) The time τ increases with the initial
repair rate R0, rate of apoptosis a, and fragility of the repair mechanism ∆.
When a parameter is not varied, it is set to R0 = 0.99, a = 0.05, or ∆ = 0.0056,
respectively. The cell population is well-mixed and of size N = 5000. b) For
the well mixed system, the time τ increases drastically with system size N. For
spatially structured systems we see a linear increase. Parameters used: R0 = 0.99,
a = 0.05, ∆2dimension,Well mixed = 0.01, ∆3dimension = 0.008.
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cells dividing, the time τ appears to increase linearly with increasing system

size. In biological systems where cells are spatially structured, such as in skin or

organ tissue, this suggests that renewal from the stem cell pool per cell is constant

regardless of system size. Conversely, for a well mixed system (which e.g. the

circulatory system can be approximated to be) our model suggests a cooperativity

between dividing cells (such as lymphocytes) that allows large systems to sustain

a high rate of repair without increased renewal from the stem cell pool.

2.2.4 Theoretical Analysis

We wish to study the temporary steady state of the well mixed system analytically,

in order to find the distribution of repair rates among cells in the system.

The configuration of the system can be characterized by how many times

each cell has accumulated DNA damage. We define Ni to be the the number of

cells in the system that have accumulated damage i times, and therefore now

have the repair rate of Ri = R0 − i∆. When the cells fail to repair after being

exposed to DNA damage, Ni will decrease. Conversely, when these cells replicate

after another cell has gone apoptotic, Ni will increase. This will happen at rate

(1− R∗)a. Cells with a positive number of mutations i will, in addition, increase

in numbers when cells of i− 1 mutations accumulate one more DNA damage.

From these considerations we can deduce the dynamical equations of the system

to be

Ṅ0 =(1− R∗)aN0 − (1− R0)N0 (2.1)

Ṅi =(1− R∗)aNi − (1− Ri)Ni

+ (1− Ri−1) (1− a)Ni−1, (2.2)

where R∗ is the average repair rate of the temporary steady state and the dots

represent time derivatives. In the steady state situation, the time derivatives

vanish. This turns (2.1) into an expression for the average repair rate:

R∗ = 1− 1− R0

a
, (2.3)

which can be inserted into (2.2) to give a recurrence relation for the temporary
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steady state.

Ni =
1
i

(
1− R0

∆
− 1 + i

)
(1− a)Ni−1. (2.4)

This recurrence relation can be solved to yield a general expression for the number

of cells having accumulated DNA damage i times

Ni = N0(1− a)i
( 1−R0

∆ − 1 + i
i

)
, (2.5)

where the last factor is a binomial coefficient and N0 is both a normalization

factor and the number of undamaged cells, which is seen by setting i = 0. The

expression (2.5) can be verified by insertion into (2.4). This yields:

N0(1− a)i
( 1−R0

∆ − 1 + i
i

)
= N0(1− a)i−1

( 1−R0
∆ − 2 + i

i− 1

)
1
i

(
1− R0

∆
− 1 + i

)
(1− a),⇔

(1− a)i
( 1−R0

∆ − 1 + i
i

)
= (1− a)i

(
1−R0

∆ − 2 + i
)

!

(i− 1)!
(

1−R0
∆ − 1

)
!

1
i

(
1− R0

∆
− 1 + i

)
,⇔

( 1−R0
∆ − 1 + i

i

)
=

(
1−R0

∆ − 1 + i
)

!

(i)!
(

1−R0
∆ − 1

)
!
,⇔

( 1−R0
∆ − 1 + i

i

)
=

( 1−R0
∆ − 1 + i

i

)
.

Summing all Ni gives the total number of cells in the system N, and using the

identity ∑∞
x=0(1− a)x(b+x

x ) = a−(b+1) :

N =N0

∞

∑
i=0

(1− a)i
( 1−R0

∆ − 1 + i
i

)
,⇔ (2.6)

N =N0a−
1−R0

∆ −1+1,⇔ (2.7)

N0 =Na
1−R0

∆ . (2.8)

Notice that here we have summed over all i up to infinity and not truncated

the sum at i = R0/∆ after which the repair rate becomes negative. However, for

small ∆, states with i > R0/∆ contain virtually no cells (see figure 2.5a).

Using equation 2.8 and 2.5 we can show that the average repair rate R∗ is

infact given by equation 2.3.
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Figure 2.5: Distribution of repair rates for cells in the steady state situation.
a) The actual distribution of repair rates for cells at two different timepoints in
the temporary steady state, is seen to agree well with the theoretically predicted
distribution given by (2.5). b) The distribution of repair rates as a function of time.
The simulation is carried out with parameters R0 = 0.99, a = 0.05, ∆ = 0.0056
and the system size N = 5000.

1
N

∞

∑
i

NiRi =
1
N

∞

∑
i=0

Ni(R0 − i∆),

=
1
N

∞

∑
i=0

N0(1− a)i
( 1−R0

∆ − 1 + i
i

)
(R0 − i∆) ,

=
1
N

∞

∑
i=0

Na
1−R0

∆ (1− a)i
( 1−R0

∆ − 1 + i
i

)
(R0 − i∆) ,

= a
1−R0

∆

[
∞

∑
i=0

(1− a)i
( 1−R0

∆ − 1 + i
i

)
(R0 − i∆)

]
,

= a
1−R0

∆

[
R0

∞

∑
i=0

(1− a)i
( 1−R0

∆ − 1 + i
i

)
−∆

∞

∑
i=0

i(1− a)i
( 1−R0

∆ − 1 + i
i

)]
,

= a
1−R0

∆

[
R0a−

1−R0
∆ + ∆(a− 1)

1− R0

∆
a−

1−R0
∆ −1

]
,

=

[
R0 + ∆(a− 1)

1− R0

∆
a−1
]

,

= R0 + (1− R0)

(
1− 1

a

)
,

= 1− 1− R0

a
.

Where we have used the previous identity ∑∞
x=0(1 − a)x(b+x

x ) = a−(b+1) and

another identity ∑∞
x=0 x(1− a)x(b+x

x ) = (1− a)(b + 1)a−b−2.

Figure 2.5 shows the steady state distribution (2.5), as well as the development
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of the distribution over time, for 5000 cells and one specific choice of parameters.

For other choices of parameters, the observed distribution in simulations also

agrees with the theoretical distribution. The value of the mean repair rate (2.3) in

steady state is in perfect agreement with simulations for the well mixed system.

In spatially structured systems the observed R∗ takes a lower value.

We now investigate the average lifetime 〈tC〉 of cells in the well mixed system.

That is, the number of time steps the average cell has gone through at the time

it goes apoptotic. The probability of the average cell of going apoptotic at each

time step is (1− R∗)a. Thus, the average cells will be alive for

〈tC〉 =
1

a(1− R∗)
=

1

a(1−
(

1− 1−R0
a

)
)
=

1
1− R0

. (2.9)

Notice that the average lifetime only depends on the initial repair rate R0. This

confirms that increasing the rate of apoptosis a does not increase the number of

cells going apoptotic in the system, as described in the results section.

We can also show that the steady state is attractive: Introducing the perturba-

tion Ni → Ni + δ in (2.2) leads to:

d
dt

Ni + δ =(1− R∗)a (Ni + δ)− (1− Ri) (Ni + δ) + (1− Ri−1) (1− a)Ni−1,

=(1− R∗)aNi − (1− Ri)Ni + (1− Ri−1) (1− a)Ni−1

+ (a(1− R∗)− (1− Ri)) δ,

=Ṅi +

(
a(

1− R0

a
)− (1− Ri)

)
δ,

=Ṅi + (Ri − R0)δ.

Since R0 > Ri, the perturbation will be reduced, making the steady state attractive

for all states except R0. However, the number of cells that have accumulated

damage i times will fluctuate stochastically around the distribution (2.5), due

to the finite size of the system. For the number of undamaged cells, N0, the

temporary steady state is marginally stable to first order. If this number of

undamaged cells randomly fluctuates down to zero, renewal from the stem cell

pool is required in order for undamaged cells to reintroduced. Thus, the time

the system spends in the temporary steady state, τ, can be interpreted as the

time passing before random fluctuations cause the number of undamaged cells
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to go to zero. When the last undamaged cell has disappeared, a new steady state

with a lower maximum repair rate can be found by substituting R0 → R0 −∆ in

equation (2.5). However, from figure 2.4a we see that this reduction in R0 will

lead to a temporary steady state where the system will spend even less time than

in the previous temporary steady state. Hence, the system quickly evolves to a

state where all cells have accumulated the maximum amount of DNA damage in

accordance with figure 2.3. If the temporary steady state contains a high number

of undamaged cells, the relative stochastic fluctuations of these will be small,

such that it becomes less likely that N0 fluctuates down to zero. That is, if N0 is

high, the time spent in the steady state τ increases drastically. From equation

(2.8) we see that N0 increases with both R0, a, ∆, and N, which explains figure

2.4.

2.2.5 Discussion

Ageing in fast turnover tissue of a multicellular organism can be understood as

the progressive deterioration of cell function caused by wear and tear on somatic

stem cells. Therefore, the ageing process will be slowed down, if the tissue can

maintain its function for a long time without renewal from stem cells. The ability

of a cell to repair DNA damage, thereby preventing mutations that can be passed

down through the lineage of cells, is strongly linked to both cancer and ageing

[11]. Here, we have introduced a simple model to investigate how mutations that

compromise DNA repair capacity in single cells affect a large population of cells.

Two important experimental observations are captured by the model: the

increased mutation frequency and the decreased DNA repair rate with age [42].

Our model further suggests that a steady state can be reached simply by imposing

the condition for tissue homeostasis. That is, every dying cell is replaced by a

dividing neighbour cell. In this steady state, mutations that compromise the

repair mechanism are rapidly removed from the cell population leading to the

division of high functioning cells. This way, a high average repair capability is

maintained at the tissue level.

Our model leads to two interesting and non-intuitive predictions. First, that

an initial rapid decline in the average repair capacity of a cell population will be
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followed by an extended period of high repair capacity R*, as seen in figure 2.3.

The average number of mutations to genes coding for DNA repair will remain

approximately constant in this temporary steady state. One experimental study

on mutation frequencies in mice by Busuttil et al., [43] suggests a similar temporal

behavior: the initial rapid increase in mutation frequencies in cells taken from

young mice is followed by constant or nearly constant mutation frequencies in

cells taken from older mice.

Second, the time a cell population spends in the temporary steady state of high

repair capacity is longer when the repair mechanism is fragile to mutations. That

is, if mutation inflicted by DNA damage greatly decreases the capability to repair

future DNA damage, ageing of the organism will slow down. Such a fragileİ

DNA repair mechanism allows for quick removal of cells with compromised

DNA repair. This result is closely related to the recent observations by Baker et al

[44], where removal of senescent cells was shown to delay tissue dysfunction and

slow down ageing.

The time that the cell population can maintain a high repair capacity increases

drastically with system size in a well mixed system. This time also depends

on the tissue configuration – the closer the tissue is to the conditions of a Şwell

mixedŤ system, the longer the duration of high repair capacity is. This implies

that 3-dimensional tissue, such as organs, may need a smaller influx of stem cells

than 2-dimensional tissue, such as skin, as cells may “cooperate” in keeping a

high function.

We find that the rate at which damaged cells go apoptotic does not affect the

average lifetime of cells in the model. However, our model only takes into account

mutations to parts of the DNA that code for proteins involved in the DNA repair

mechanism. If the rate of apoptosis is increased when damages occur in other

parts of the DNA, the average lifetime of cells will be decreased. It is still an open

question to what extent apoptosis affects the process of normal ageing [45].

The daily number of spontaneous DNA damages in every cell may be as high

as 100,000 [12]. However, DNA damages may also occur during the replication

process, leading to additional mutations not considered in this model. Apart from

accumulation of DNA damages, tissue deterioration and ageing is associated with
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an increased amount of senescent cells in the organism. That is, the number of

cells which, after reaching their Hayflick limit, go into permanent cell cycle arrest

[19]. Also, the mechanisms of ageing and the defence mechanisms against cancer

are highly interconnected [11]. Incorporating replication damages, senescence,

and cancer into the model may provide new knowledge of the development of

ageing and the connection between ageing and cancer.

2.3 Model 2: Cancer and stem cell telomere shortening

2.3.1 Introduction

Cancer cells replicate uncontrollably and have unlimited proliferation capability,

known as cellular immortality [46]. Somatic cells have, as explained in section

2.1, a limited replication potential, known as the Hayflick limit [20]. This limit

arises because the telomeres at the end of all DNA strings are shortened at each

cell division, a phenomenon denoted the end-replication problem. When the

telomeres reach a critical length the cell goes senescent, a state of permanent

replication arrest that prohibits any further proliferation [19].

To gain cellular immortality, the cancerous cell must, therefore, bypass the

end-replication problem. In 90% of all cancer types, this is done by expressing the

enzyme telomerase [34], which mainly consists of the two components TERC and

TERT. Telomerase maintains the telomere length of cancer cells during replication

by continually elongating the telomeres [47]. Apart from being present in cancer

cells, stem cells and germ line cells also express telomerase to varying degrees

[46]. In germ line cells, the amount of telomerase is sufficient to maintain telomere

length over time [16]. For stem cells, on the other hand, the level of telomerase is

lower, which leads to the telomeres being shortened after each cell division, but

at a lower rate than for somatic cells [48].

It is has been discussed extensively why stem cells express telomerase, and

why the level of telomerase is not sufficient to avoid a shortening of the telomere

length throughout life. One possible explanation is that telomere shortening is a

trade-off between reducing physiological ageing and limiting oncogenesis [49, 50,

51]. By varying the expression of telomerase, cells are able to tune their telomere
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shortening rate. This suggests the possibility of optimal telomere shortening

strategies.

In this section we wish to investigate how shortening of stem cell telomeres

is linked to the trade-off between ageing and postponing cancer. We do this

by developing a stochastic model that simulates the accumulation of cancerous

mutations in an organism over time. Previous mathematical cancer models

have focused mostly on oncogenesis [33, 52] and previous models for telomere

dynamics have mostly focused on the cellular transition to a senescent state [53,

54]. We here try to develop a more coherent mathematical modeling framework

for considering telomere dynamics in relation to both senescence and cancer, and

thereby bridge these areas of focus. Our findings suggest that the cancer free life

span of the organism can be optimized by tuning the telomere shortening rate of

stem cells. We also argue that the risk of cancer before the childbearing age can

be reduced by selecting a suboptimal cancer free life span strategy.

The conclusions drawn from the present model are supported by qualitatively

similar results from an extended version of the model, incorporating system size

and cell dynamics This model is presented in the appendix of the original article.

2.3.2 Model

We here present a stochastic model that describes the accumulation of cancerous

mutations in a multicellular organism, by following the number of mutations and

the telomere length of cells in the population. When cells divide, their telomeres

are shortened due to the end-replication problem. A schematic illustration of the

model is shown in figure 2.6.

Initially an unmutated stem cell divides, thereby creating a daughter stem

cell and a somatic cell. The somatic cell then proliferates until it reaches the

Hayflick limit and undergoes senescence. The number of divisions after which

the Hayflick limit is reached is defined by the parameter H0. When the somatic

cell has gone senescent it is removed. The daughter stem cell then divides to

produce a new daughter stem cell and a new generation of somatic cells. Each

time a stem cell divides, the Hayflick limit HG is reduced by a constant amount

α ≥ 0, corresponding to the daughter stem cell having shorter telomeres than its
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Figure 2.6: Schematic illustration of the model. Initially, the stem cell in the
lower left corner divides. One daughter cell specializes into a somatic cell, which
proliferates until it reaches the Hayflick limit and goes senescent (first vertical
row). The other daughter stem cell (to the right of the first stem cell) then divides.
This results in a new daughter stem cell and a new generation of somatic cells
(subsequent vertical rows). The flow of time follows the dashed arrows. The
Hayflick limit HG is initially set by the parameter H0. For each generation the
Hayflick limit is reduced by a constant amount α. Somatic cells and stem cells
have the probabilities p and psc, respectively, to acquire cancerous mutations at
every cell division. Mutations in somatic cell lineages are lost when the cell line
reaches the Hayflick limit, while mutations in stem cells are permanent. When
the system has accumulated more than Cm mutations, the organism will have
developed cancer. In this illustration Cm = 2. The total cancer free life span is the
sum of all somatic divisions, corresponding to the area under the dashed line or
equally the total number of somatic cells in the illustration.

parent. If α = 0, the stem cell telomere length, and hence the Hayflick limit, stays

constant over time so that for any generation HG = H0. A correlation between

the replicative capacity of a cell and its initial telomere length has been shown

[55]. The Hayflick limit can, therefore, be interpreted as a measure of the initial

telomere length of the cell lineage.

Mutations can occur during division of stem cells as well as somatic cells.

Somatic cells have a probability p of acquiring a cancerous mutation during each

division. This mutation is then propagated through the cell lineage in our model,

until the Hayflick limit is reached and all mutations accumulated in the somatic

cell lineage are lost. In order to maintain homeostasis, only one daughter cell
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survives after each replication.

Self-renewing stem cells have a probability psc of acquiring a cancerous muta-

tion during replication. Such mutations are permanent and are inherited by all

stem cells in the stem cell lineage in the model.

Estimates of the number of mutations in these genes needed for a healthy cell

to turn cancerous range from 3 to 6 [30] and above [31]. We therefore introduce a

parameter Cm as the number of cancerous mutations the organism can sustain

without developing cancer. That is, if at any point a cell accumulates more than

Cm mutations, the organism is no longer cancer free. As mutations are steadily

accumulated in the stem cell lineage, somatic cell lines will start with more and

more mutations. Cancer is therefore inevitable. The cancer free life span of

the organism is defined as the total number of cell divisions that the system

undergoes before the first cell acquires more than Cm mutations.

In the original article, which can be found in Appendix A we furthermore

present an extended model that explores the consequences of a larger somatic

cell population maintained by a smaller stem cell pool. We demonstrate that it

yields results qualitatively similar to those of the model presented in this section.

2.3.3 Theoretical Analysis

To investigate the optimal rate of stem cell telomere shortening α, we now seek

to derive a mathematical expression for the average cancer free life span as a

function of the parameters α, H0, p, psc and Cm.

After G generations the Hayflick limit HG has decreased from its initial value

H0 due to the telomere shortening of the stem cell. Its value will then be given by

HG = bH0 − αGe (2.10)

where be denotes rounding to the nearest integer. During each of the HG divisions

of the cell lineage in this generation, cancerous mutation will occur with a

probability p. We define the function F(x) to be the probability that the cell line

acquires x or fewer mutations before it reaches the Hayflick limit. This is given
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by the Binomial cumulative distribution function

F(x) =
x

∑
i=0

(
HG

i

)
pi(1− p)HG−i. (2.11)

By SG,j we denote the probability for the organism to have j mutations in the

stem cells after G generations, but still be cancer free. This can be expressed by a

recurrence relation, as the probability to have j mutations after G + 1 generations

is the sum of having had j mutations after G generations and not getting an

additional mutation, or having had j− 1 mutations after G generations and then

acquiring a mutation. This probability should be multiplied by the probability

F(Cm − j) of not exceeding the critical number of Cm mutations during the

somatic cell divisions in the last generation. Be reminded that during each stem

cell division there is a risk psc of acquiring a permanent mutation in the stem cell

lineage.

SG+1,j =
(
SG,j(1− psc) + SG,j−1 psc

)
F(Cm − j), (2.12)

All simulations are initiated with one unmutated stem cell, S0,0 = 1. The

starting condition can therefore be expressed in terms of the Kronecker delta

S0,j = δ0j (2.13)

Using equations (2.12) and (2.13) we can now numerically find the distribution

of cancer free life spans as a function of the five parameters.

Notice that when we have a positive stem cell telomere shortening rate, α > 0,

the Hayflick limit will eventually drop to zero. When this happens, the stem

cells will go senescent even if the cell line is still cancer free. The time before

this happens can be found using equation (2.10) to be H0−0.5
α generations. This

provides an upper bound for the total cancer free life span of the organism. The

probability that the organism will remain cancer free at a generation G can be

expressed as

SG =





∑j SG,j for G ≤ H0−0.5
α

0 for G > H0−0.5
α

(2.14)

We are interested in the average cancer free life span 〈L(H0, α)〉, which is the

mean number of cell divisions the organism will undergo before exceeding the
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critical number of mutations. To find this, we multiply the probability of getting

cancer at each generation (SG − SG+1) by the number of cell divisions before this

generation. The latter is given by number of cancer free generations and the

average Hayflick limit each of these consisted of.

〈L(H0, α)〉 =
∞

∑
G=1

(SG − SG+1)G
H0 + HG

2
(2.15)

In the case of no stem cell telomere shortening, α = 0, the Hayflick limit H0 is

constant and Eq. (2.15) becomes

〈L(H0, 0)〉 = H0

∞

∑
G=1

(SG − SG+1)G = H0

∞

∑
G=1

SG (2.16)

Note that for this case SG will never reach 0 and a cut off is necessary to compute

the sum numerically. We make this when SG < 10−5 and has negligible influence

on the cancer free life span.

2.3.4 Results

Instead of investigating the full parameter space of five parameters, we choose to

assign fixed values to three of the parameters based on biological considerations.

Specifically, we fix the ratio between the mutation probabilities such that p
psc

= 100

according to [56, 57] and set p = 10−2 and Cm = 6 [30, 31]. These choices of

parameter values are not essential for the conclusions and other choices yield

qualitatively similar results, as shown in the original article in Appendix A. The

only two free parameters in the model are therefore the initial Hayflick limit H0

and the telomere shortening rate α.

From Eqs. (2.15) and (2.16) the average cancer free life span can be calculated

for different choices of H0 and α. In figure 2.7 these average life spans are shown

normalized with the longest possible average life span when stem cell telomeres

are not shortened (α = 0). We choose to further investigate three telomere

shortening strategies, which are labeled 1, 2, and 3 in figure 2.7.

In strategy 1, stem cells express a telomerase activity, such that the telomere

length of stem cells is constant over time (α = 0). The initial Hayflick limit is

chosen such that the cancer free life span is maximized.
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Figure 2.7: Average cancer free life span for different initial Hayflick limits,
H0, and shortening factors, α. We especially focus on three different sets of
parameters: All cancer free life spans are compared to the longest possible cancer
free life span for a constant Hayflick limit (strategy 1: H0 = 54, α = 0). The overall
longest cancer free life span is obtained for a higher initial Hayflick limit, which
is then slowly reduced through telomere shortening in stem cells (strategy 2:
H0 = 62, α = 5.5 · 10−4). Strategy 3 has the same initial Hayflick limit as strategy
1 and the same telomere shortening rate as strategy 2 (H0 = 54, α = 5.5 · 10−4).
Black arrows relate the position in parameter space to different experimental
setups, which modify the initial Hayflick limit of stem cells and the telomere
shortening rate. The figure thus predicts the effects of these experiments on the
average cancer free life span of a model organism. In the upper left corner of the
figure, where the initial Hayflick limit is low and the telomere shortening rate is
high, premature ageing will be caused by increased accumulation of senescent
cells. Conversely, a higher initial Hayflick limit and lower telomere shortening
rate will slow down ageing. The parameters are Cm = 6, p = 10−2, psc = 10−4.

Strategy 2 corresponds to the parameter set that maximizes the cancer free life

span. Here stem cell telomeres shorten at each division (α > 0) and the initial

Hayflick limit is longer than for strategy 1.

Strategy 3 combines the initial Hayflick limit from strategy 1 and the stem cell

telomere shortening rate from strategy 2. This strategy yields similar cancer free

life span as obtained for strategy 1.
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If stem cells have short telomeres, they need to replicate more frequently in

order to maintain homeostasis in the tissue. Every cell division is associated with

a risk of accumulating an additional permanent mutation [57]. Therefore, a lower

value for H0 increases the initial rate at which mutations occur in the stem cells.

Furthermore, a lower value of H0 will reduce the amount of cell divisions before

stem cell senescence, if α is kept constant. This will result in faster ageing and a

shorter maximum cancer free life span.

Down-regulating the telomerase production while keeping H0 fixed is equiv-

alent to increasing α, thus moving upwards in figure 2.7. The higher α will

decrease the risk of developing cancer, since somatic cells late in life undergo

fewer divisions before senescence. The higher turnover rate results in systems

where cancer is rarely developed, but where the cancer free life span of otherwise

healthy cell lineages is limited by stem cells going senescent. Thus, in the regime

of the parameter space of slow ageing and frequent cancer development (lower

right corner of figure 2.7) telomerase knockout will increase the average cancer

free life span, while the opposite is true in the regime for fast ageing and rare

cancer development.

If telomerase is up-regulated in stem cells, the value of α decreases. If telom-

erase in somatic cells is up-regulated at the same time, the proliferation potential

is increased throughout the cell lineage, which is equivalent to a higher H0. The

combination of these two effects can, therefore, be illustrated as a shift down-

wards to the right in figure 2.7. Thus, modest up-regulation of telomerase can be

advantageous and prolong life, in the regime of parameter space where ageing is

fast and cancer rarely occurs. However, if the up-regulation is too large, telom-

erase is associated with an increased risk of developing cancer, since somatic cells

are able to divide more times before the senescent fail-safe mechanism sets in.

Figure 2.8a and 2.8b show the probability of the organism to be cancer free as

a function of time, for each of the strategies 1, 2, and 3. Surprisingly, we see that

strategy 2, which yields the longest cancer free life span, is also the one that is

most prone to develop cancer early in life. The long average cancer free life span

results from a lower risk of late-life cancer development, because the stem cells

have divided fewer times and, therefore, supply the system with less mutated
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Figure 2.8: Probability to be cancer free as a function of time for different
telomere shortening strategies. A: For all strategies, the probability slowly
decreases with time. Most individuals will have developed cancer before they
reach twice the mean cancer free life span of the population. B: Probability to be
cancer free for strategy 2 and 3 normalized with respect to strategy 1. Strategy 2
has the longest average cancer free life span, but a higher probability of cancer
development early in life. Strategy 3 has a low initial Hayflick limit and is
therefore able to postpone cancer until later in life.

cells. By either lowering H0 or raising α, the risk of developing cancer at an early

age can be minimized. A higher percentage of a population would therefore still

be a cancer free early in life when applying strategy 3 compared to strategies 1

and 2, which have similar or longer cancer free life spans. In the original article

we also find that the cancer free life span for some strategies, e.g. strategy 3, can

be prolonged even further if telomerase is up-regulated at a later stage in life,

without compromising the low risk of cancer early in life (see Appendix A).

2.3.5 Discussion

A decrease of telomerase activity leads to a faster shortening of stem cell telomeres.

Our model predicts that reducing the telomerase activity reduces the risk of

cancers early in life, but that this comes at the cost of a higher stem cell replication
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rate. This increased replication rate results in more cancerous mutations in

the stem cells, which will increase the risk of cancer development late in life.

Qualitatively similar results were seen when exploring the effect of population

size (see the original article in Appendix A with the advantages being even more

significant.

These results indicate that evolution would favour species with a restricted

stem cell telomerase production above species that maintain stem cell telomere

length throughout life. Such a stem cell telomere shortening rate would result

in a lower cancer risk at the childbearing age, thereby increasing the chance of

producing offspring. Strategies that solely optimize cancer free life span, such

as strategy 2, may not be advantageous from an evolutionary point of view. We

therefore predict that organisms found in nature will have evolved to a parameter

set (H0, α) closer to that of strategy 3 than that of strategy 2.

When stem cell telomeres are continually shortened, somatic cell lines will

undergo senescence after fewer and fewer divisions. Shorter telomeres and an

accumulation of senescent cells are closely related to biological ageing [29, 28],

hence, strategies that suppress cancer early in life by shortening their telomeres

are associated with accelerated ageing.

Our predictions of increased cancer risk after a knock-out of telomerase has

been observed experimentally in a study by González et al. (2000), in which they

found a slight increase in oncogenesis in highly proliferating tissue for TERC

deficient mice[58]. In addition our model predicts that telomerase knock-out will

cause stem cells to go senescent faster, and thereby lead to faster ageing. This is

also consistent with experimental observations; in a TERC mouse study Liu et

al. (1998) found that a lack of telomerase caused the mice to present premature

ageing symptoms, especially in highly proliferating tissue [59].

Our model demonstrates that telomerase up-regulation leads to a higher risk

of cancer development, which was observed experimentally by González et al.

(2002)[60]. Furthermore, the model predicts that if the organism starts with a

moderate telomerase activity and then increases the activity halfway in life, the

organism could prevent cancer onset early in life and at the same time postpone

ageing and increase longevity. A recent study by Bernandes de Jesus et al. (2012)
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supports this result. They were able to increase longevity without increasing the

risk of cancer by inducing telomerase activity in adult mice [61].

When comparing two types of TERC deficient mice with different genetic

backgrounds - one type with normal telomere length and one with initially

shorter telomeres - it has been shown that the mice with shorter telomeres show

decreased viability. Interestingly, the mice do not die from cancer, but from

premature ageing [62, 63]. Our model demonstrates that decreasing H0 leads to a

faster attrition of the stem cell pool and therefore faster ageing.

In conclusion, our model offers an explanation to why stem cells express

telomerase at an intermediate level, such that their telomere lengths are not

conserved but are shortened at a lower rate than in somatic cells. Also, our

results suggest that, in stem cells, evolution will favor organisms with short initial

telomeres that are moderately shortened at each division, as such organisms have

a reduced likelihood of cancer early in life.

2.4 Model 3: Asymmetric Segregation of Damaged

Cellular Components

2.4.1 Introduction

Damaged cellular components are, in some unicellular organisms, segregated

preferentially to one daughter cell during division. Such differential inheritance

may have evolved to ensure the longevity of the lineage [64, 65]. Asymmetric

segregation of damage has in the budding yeast Saccharomyces cerevisiae been

documented for senescence factors including defective mitochondria [66, 67],

oxidatively damaged proteins [68, 64], and extra-chromosomal rDNA circles [69].

The mother cell receiving the damaged components is seen to have a declining

division and growth rate when followed over successive generations [70, 71],

whereas the daughter cell displays full replicative potential.

In epithelial stem cells in the intestine, differential inheritance of damaged

proteins has been observed. These cells divide asymmetrically to produce a

stem cell and a differentiated cell[72]. Mitosis in mammalian cells is commonly
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thought to occur symmetrically with the equal distribution of cellular components

between daughter cells [73] with known exceptions being germ-line cells and

differentiating stem cells. However, human embryonic stem cells have been found

to distribute irreversibly damaged proteins preferentially to one daughter cell

during self-renewing divisions [74]. In the study by Fuentealba and colleagues

(2008), proteins targeted for degradation were segregated asymmetrically while

cell-fate determinants were distributed equally between daughter cells. Further-

more, several other species, which have previously been assumed to reproduce

symmetrically, have been observed to distribute damaged proteins asymmetrically

[71, 75].

Hence, the experimental evidence indicates that asymmetric damage seg-

regation is a more widely applied strategy than previously thought. Several

mathematical models have been developed to investigate the role of asymmetric

distribution of damage in unicellular organisms [76, 77, 65, 78, 79]. Mammalian

tissue is, however, better described as a multicellular system of somatic cells

that do not rejuvenate at cell division. In such a system the effect of damage

segregation on the ageing process has not previously been explored. Furthermore,

in the existing computational models of asymmetrical damage distribution, the

spatial organization of cells is assumed to not significantly impact the population

dynamics. While this may be a good approximation for yeast, stem cells are often

organized in stem cell niches. These are microenvironments with a high degree

of spatial structure, which is instrumental in regulating stem cell fate [80].

To study damage segregation in cell populations we here develop a mathemati-

cal model in which each daughter cell inherits an amount of damage at least equal

to that of the mother cell. This is relevant in cases where damage is duplicated

during the cell cycle, e.g. through the replication of cellular components. The

mathematical model is investigated computationally with and without spatial

structure.

We exemplify the model by considering the specific case of damage incurred

by mutations to mitochondrial DNA. The accumulation of defective mitochondria

in ageing tissue has been linked to a variety of degenerative diseases and is

thought to be a major contributor to cellular ageing [81]. Each cell contains
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multiple copies of mitochondrial DNA packaged into protein aggregates called

nucleoids, each containing an average of 1.4 mitochondrial DNA molecules [82].

The number of nucleoids and mitochondrial DNA copies doubles during the cell

cycle, where point-mutations and deletion-mutations are duplicated [83, 84].

In budding yeast, differential inheritance of defective mitochondria has been

observed experimentally [67, 66, 85, 86]. Furthermore, an active process of

mitochondrial selection may occur in mouse ovarian germ cells [87, 88]. The

mechanisms for segregation of mitochondrial DNA at cell division are not fully

understood [89]. The potential benefits of such segregation is demonstrated in

the present model.

2.4.2 Model

We here develop a mathematical model of N cells undergoing division and

apoptosis in such a way that the total number of cells remains constant. Each

cell is characterized by a damage level d, which represents the accumulation of

mitochondrial DNA mutations. For each cell, d changes over time as additional

damage is acquired. In each time step of the model, the probability of a cell going

apoptotic is proportional to its damage level d. Whenever a cell goes apoptotic it

is removed from the tissue another cell divides to replace it. The damage level

of the dividing cell is denoted d′ to distinguish it from that of the apoptotic cell.

Each daughter cell at least inherits the damage level d′ of the dividing cell.

The dynamics of the model are shown schematically in figure 2.9.

Between cell divisions, the mitochondrial genome has a probability p of acquir-

ing additional damage 2∆. In one version of the model, this additional damage is

always distributed symmetrically, while in another version the additional damage

is always distributed to only one daughter cell. Comparing the two versions of

the model will allow us to determine the consequences of asymmetrical damage

segregation. No cells are allowed a damage level that exceeds 1. We define one

time unit of the simulation to be N time steps, such that, on average, each cell is

selected once per time unit.

The three parameters of the model are (i) the probability p of acquiring
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Figure 2.9: Schematic presentation of one time step of the model. Different
colours correspond to different damage levels of cells. In each time step of
the simulation a randomly selected cell (the blue cell) goes apoptotic with a
probability given by its damage level d. If it goes apoptotic, another random cell
(the green cell) proliferates to replace it. With probability 1− p, the two resulting
daughter cells both inherit the damage level d′ of the dividing cell. Otherwise,
with probability p, the mitochondrial genome has acquired additional damage 2∆.
In one version of the model, this is distributed symmetrically, such that both cells
receive d + ∆ damage. In another version of the model, the additional damage is
distributed asymmetrically, leading to one cell with a damage level of d and one
with a damage level of d + 2∆. We define one time unit to be N time steps, such
that each cell on average is selected once per time unit.

additional mutations between cell divisions, (ii) the amount of additional damage

2∆, which would then be accumulated, and (iii) the initial damage level d0 of all

cells. The parameter ∆ will also be referred to as the fragility of the system, in

accordance with the terminology in section 2.2. All three parameters are in the

range ]0, 1[.

We investigate the model in both a mean field system and a system with

spatial structure, where cells are arranged on a one dimensional line with periodic

boundary conditions. In the spatial case, cells undergoing apoptosis can only be

replaced when neighbouring cells divide.

2.4.3 Results

Cells gradually acquire mitochondrial DNA mutations as the simulation pro-

gresses. Thus, the average damage level 〈d〉 quickly increases from the initial
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value of d0. Since mutations are irreversible, there exists an absorbing steady state

where 〈d〉 = 1. However, as seen in figure 2.10a, an additional temporary steady

state exists, analogous to the one found in section 2.2. Here, the average damage

level fluctuates around a value d∗sym for the symmetric version of the model and

d∗asym for asymmetric version. As in section 2.2, the steady state is sustained

because cells with high levels of damage undergo apoptosis more frequently

than cells with low levels of damage. These cells are thereby effectively replaced

by cells with fewer mitochondrial DNA mutations. As seen in figure 2.10a, the

steady state damage level is lower when damage is segregated asymmetrically

upon cell divisions than when damage is distributed symmetrically.

Eventually the fraction of cells, P0, with the initial damage level will fluctuate

down to zero and the system collapses to the absorbing state 〈d〉 = 1. Thus, the

steady state is only temporarily stable, which can be interpreted biologically as

a cell population having finite longevity. The characteristic time before system

collapse is denoted by τsym and τasym for the symmetrically and asymmetrically

dividing system, respectively. In figure 2.10b we compare the dependence of τ on

the parameters p and ∆ in the symmetric and asymmetric case. It is evident that

the longevity of the cell population is dramatically increased by asymmetrical

damage distribution. This is in agreement with the results of Erjavec et.al. [76].

The characteristic time for the collapse of the system τ is increased by a reduction

of either the mutation probability p or the initial damage level d0.

From figure 2.10b it can also, somewhat counterintuitively, be seen that in-

creasing the fragility ∆ leads to a more stable system. This finding is similar to

the result found in the first ageing model described in section 2.2. Defective cells

are more effectively replaced by less damaged cells if the acquired damage is

associated with a high likelihood of apoptosis. The overall damage level of the

system is thereby reduced.

When an apoptotic cell can be replaced by any proliferating cell, i.e. in a well-

mixed system, the characteristic time before system collapse increases drastically

with population size. This is illustrated in figure 2.11, which also shows the

results for a one-dimensional spatially structured system of cells with either

asymmetric or symmetric damage partitioning. A transient steady state exists
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Figure 2.10: a) Time development of the average damage level. Cell populations
that divide symmetrically have a larger average damage level 〈d〉 and a lower
fraction P0 of cells with the initial damage level, compared to cells that divide
asymmetrically. When the number of undamaged cells in a system fluctuates
down to zero, they can never be reintroduced. The average damage level will
then quickly increase from the steady state value d∗ to 1, corresponding to a
system collapse. This happens after a characteristic time τ, which is different
for the symmetrically and asymmetrically replicating systems. Parameters used:
N = 500, d0 = 0.1, p = 0.35, ∆ = 0.1. Other choices of parameters yield similar
results. b) Stability of the temporary steady state. The time τ before system
collapse increases with higher mitochondrial fragility ∆ and decreases with the
mutation probability p. Notably, for cell populations that divide asymmetrically
the steady state is much more stable than for populations with symmetric division.
This results in a higher value of τ in the asymmetrical version of the model. White
circles represent the set of parameters used in panel a.
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where an apoptotic cell can be replaced by the division of any other cell in the
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mixed and spatially structured systems, asymmetric damage segregation dramat-
ically increases the longevity of the cell population compared to populations of
the same size with symmetrical damage distribution. Note that the well mixed
system with asymmetrical damage distribution has been studied using smaller
cell populations. This is due to the more rapid divergence of τ relative to the
symmetric well mixed system. Parameters used: d0 = 0.1, p = 0.1, ∆ = 0.01.
Other choices of parameters yield similar results.
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in both cases for the same parameters d0, p, and ∆. For the spatially structured

system as well as in the well-mixed system, asymmetric damage distribution

increases the longevity of the cell population. However, the effect of system size

is diminished when spatial structure is imposed. Furthermore, the stability of the

system is reduced since there is a tendency for defective cells to be replaced by

other defective cells.

In figure 2.12a and 2.12b the time development of the damage level is illus-

trated for a spatially structured system where damage is distributed symmetrically

and asymmetrically, respectively. Only neighbouring cells can divide to replace

a cell that has gone apoptotic. This leads to strong local correlations in damage

levels. In both plots, clusters of cells with high damage levels develop and expand

in space, but this is more pronounced in the system with symmetrical damage

distribution. The boundary between a cluster of cells with a low damage level and

a cluster with one more mutation will shift either left or right when an apoptotic

cell from one cluster is replaced by the division of a cell from the other cluster.

This results in all boundaries performing random walks with a drift towards the

cluster of cells with the highest damage level, since these are more likely to be

removed by apoptosis.

2.4.4 Theoretical Analysis

For a well-mixed system of cells with either symmetric and asymmetric distribu-

tion of damage, the mathematical model presented above is analytically tractable

in the transient steady state. In the following, we will derive this analytical

solution. We first consider a cell population proliferating by symmetric division

A cell with i mutations will have a resulting damage level of di = d0 + i∆. We

denote the fraction of such cells in the system by Psym
i . This fraction can change

value in four different ways.

1. Psym
i decreases if a cell with i mutations goes apoptotic. This occurs at a

rate of diP
sym
i .

2. Psym
i decreases if it acquires an additional mutation when it divides to

replace an apoptotic cell. This occurs at rate d∗sym pPsym
i .
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Figure 2.12: Time development of a spatially organized cell population with
(a) symmetrical and (b) asymmetrical damage distribution. All cells have the
same initial damage level d0 = 0.1, but clusters of damaged cells soon appear.
All boundaries between clusters of damaged and less damaged cells perform
random walks with a drift towards the cells with the highest damage level, since
these are more likely to go apoptotic. Eventually the system will collapse to a
state where all cells have the maximum damage level d = 1. This happens much
sooner when the cell population divides symmetrically than for asymmetrical
damage distribution. The parameters used are: N = 1000, p = 0.1, ∆ = 0.01.
Other choices of parameters yield similar results.
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3. Psym
i increases if the cell does not mutate prior to cell division. This occurs

at rate d∗sym(1− p)Psym
i .

4. Psym
i increases if a cell with i− 1 mutations acquires an additional mutation

before dividing. Hereby two new cells with i mutations are generated. This

occurs at a rate of d∗sym pPsym
i−1 and, consequently, Psym

i increases at twice this

rate.

For cells which only have the initial damage level, the last point is not rele-

vant. These considerations can be summarized mathematically in the following

equations of motions

Ṗ0
sym

= (−d0 + d∗sym(1− 2p))Psym
0 (2.17)

Ṗi
sym

= (−di + d∗sym(1− 2p))Psym
i + 2d∗sym pPsym

i−1 , (2.18)

Here the dot represents differentiation with respect to time.

We wish to find the steady state solution. Therefore, the time derivative on the

left hand side vanishes, turning (2.17) into an expression for the average steady

state damage level d∗sym. This can be inserted into (2.18) to yield a recurrence

relation for the steady state.

d∗sym =
d0

1− 2p
(2.19)

Psym
i =

2p
1− 2p

d0

i∆
Psym

i−1 (2.20)

The normalized solution to the recurrence relation (2.20) is a Poisson distribution

with mean λsym, which can be expressed as follows

Psym
i =

λi
sym

i!
exp(−λsym) (2.21)

λsym =
2p

1− 2p
d0

∆
. (2.22)

From (2.19) it is evident that the average damage level d∗sym only takes values

between 0 and 1 when p < 1−d0
2 . For larger p values, the steady state can not

exist. This is in agreement with the observations in figure 2.10b, where d0 is 0.1,

and no stable steady state is observed for p > 1−0.1
2 = 0.45.

We now turn to consider well mixed systems where damage is distributed

asymmetrically. Here, one daughter cell always inherits the damage level of the
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mother cell, while the other daughter cell has its damage level increased by 2∆,

with probability p. Thus, cells can only increase in damage levels in increments

of 2∆. The fraction of cells that have received 2∆ of damage k times is denoted

Pasym
k . We now use k as a subscript instead of i, to distinguish damage increments

of size ∆ from increments of size 2∆.

The fraction Pasym
k can change value in three different ways.

1. Pasym
k decreases if a cell with k damage increments goes apoptotic. This

occurs at a rate of dkPasym
k .

2. Pasym
k increases if the cell does not mutate prior to cell division. This occurs

at rate d∗asym(1− p)Pasym
k .

3. Pasym
k increases if a cell with k− 1 damage increments acquires an additional

mutation before dividing. This occurs at a rate of d∗asym pPasym
k−1 .

Again, the last point is not relevant for cells with the initial damage level. Note

that Pasym
k does not change if it acquires an additional mutation when it divides to

replace an apoptotic cell, since one daughter cell will still have the same damage

level as the mother cell.

Ṗ0
asym

= (−d0 + d∗asym(1− p))Pasym
0 (2.23)

Ṗk
asym

= (−dk + d∗asym(1− p))Pasym
k + d∗asym pPasym

k−1 . (2.24)

By demanding that the time derivatives vanish, we find the steady state

damage level of d∗asym and a recurrence relation that leads to a Poisson distribution

for the mean number of mutational increments per cell λasym:

d∗asym =
d0

1− p
(2.25)

λasym =
p

1− p
d0

2∆
(2.26)

Pasym
k =

λk
asym

k!
exp(−λasym). (2.27)

To validate these results, we can check that the average damage levels at steady

state for the symmetrical and asymmetrical systems are equal to the initial damage
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level plus the damage increments multiplied by the mean number of damage

increments. That is, d∗sym = d0 + λsym∆ and d∗asym = d0 + 2λasym∆, respectively.

This is easily confirmed. Furthermore, we see in figure 2.10a that these values are

in agreement with the results of the computational simulation.

From (2.19) and (2.25) it is evident that d∗sym > d∗asym for all parameter values.

This confirms the result that asymmetric damage partitioning is a more effective

mechanism for reducing the amount of mitochondrial DNA damage accumulated

in the population than symmetric division.

The mean number of cells with the initial damage level is given by N · Psym
0 =

N · exp(−λsym) and N · Pasym
0 = N · exp(−λasym). From this we can conclude that

cell populations with asymmetric damage distribution have a larger proportion

of unmutated cells at steady state, since λsym > λasym.

When the number of cells with the initial damage level fluctuates down to zero,

a new steady state can be found by substituting d0 → d0 +∆ and d0 → d0 + 2∆ for

the symmetric and the asymmetric system, respectively. However, this increases

the mean number of mutations λ in equation (2.22) and (2.26), making these new

steady states less stable. This explains the rapid collapse of the system observed

in figure 2.10a. Consequently the time before system collapse will be longer when

the proportion of cells with the initial damage level is high. We have just derived

that this is highest for asymmetrical systems leading to τasym > τsym. Thus,

asymmetric segregation of damage increases the longevity of the cell population.

2.4.5 Discussion

The mathematical model presented here demonstrates that the asymmetric dis-

tribution of damage increases the longevity of a population of cells and reduces

the overall damage level in both well mixed and spatially structured systems.

We have analytically derived that these results hold for all values of the input

parameters, which indicates that asymmetrical damage distribution is always

advantageous, at least in this model. This result is in accordance with several

computational studies published recently [76, 65, 78, 77, 79]. Let us compare the

results of the present model with these previous models.
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In their work from 2008, Erjavec et. al. make the assumption that accumulation

of damaged proteins prolongs the time it takes for a cell to acquire the critical

number of intact proteins required for replication, but that they otherwise have no

intrinsic toxicity [76]. This results in damage partitioning decreasing the average

time between cell division of a unicellular organism, which in turn allows the

lineage to withstand higher levels of damage before system collapse.

Ackermann and colleagues demonstrate in their 2007 paper that the advantage

of asymmetrical damage distribution is dependent on how survival and repro-

duction is affected by the damage accumulated in a cell [65]. They argue that

if asymmetric phenotypes have at least the same expected number of surviving

progeny as symmetric phenotypes, then asymmetry is favoured by evolution.

In the work presented here the probability of a cell going apoptotic is assumed

to be proportional to its damage level. This corresponds to a linear survival

function, which has been validated experimentally in the bacterium Caulobacter

crescentus [65].

The most important distinction between the work of [76] and [65] and the

present model is that in the models of Erjavec and Ackermann, cells are reju-

venated at cell division. In contrast, in our model each daughter cell inherits

an amount of damage at least equal to that of the mother cell. This distinction

makes the present model applicable to describing cellular components known

to be duplicated during cell division, such as defective mitochondrial DNA. In

the models of Erjavec and Ackermann damage is diluted at division either by the

production of undamaged copies or the repair of existing damage. In this case, a

steady state similar to the one found in our model will occur when new damage

is accumulated at the same rate that existing damage is diluted. In this case, the

steady state will not be temporary and the longevity of the cell population be

infinite.

Another distinction to previous models is, that the models presented in [76,

65, 77, 78] focus on how damage segregation affects the growth rate, since these

describe populations of unicellular organisms. As opposed to this, our model

considers somatic cells within a tissue and, therefore, the total number of cells is

kept constant.



44 Biological models of ageing and cancer

In many different types of organisms, mechanisms for actively generating

damage asymmetry have been studied [90]. These mechanisms appear to be

dependent on the level of damage that cells are exposed to. As an example,

the damage asymmetry between the mother and daughter cell in budding yeast

increases when there is a high level of oxidatively damaged proteins [64]. Further-

more, if the ability of yeast to segregate functioning mitochondria preferentially

to the daughter cell is disabled by a mutation, the yeast population suffers an

extensive loss of viability resulting in clonal senescence [66]. This aligns with the

predictions of our model.

Experimentally, it has been observed that spatially structured dividing stem

cells sometimes distribute damage asymmetrically [74, 72]. Our model shows that

asymmetric damage distribution reduces the mean level of damage accumulated

in spatially structured cell populations. For stem cells, this suggests that even

for cells that divide symmetrically with respect to cell fate, damage segregation

could be a strategy for reducing stem cell ageing.

We have studied the model in the one-dimensional and the well-mixed (mean

field) cases. Biologically, cell population are often better described as two or three

dimensional systems, which mathematically fall in between the one-dimensional

and the well-mixed systems. Consequently, results that hold for both the well-

mixed and the one-dimensional systems can be expected to generalize to the case

of two and three dimensions.

In conclusion, the model presented here extends the theoretical framework for

investigating the potential benefits of damage segregation to spatially structured

multicellular organisms. Our results indicate that the damage partitioning is ad-

vantageous for all parameter values in both spatially structured and unstructured

systems. In particular, this applies to the segregation of defective mitochondria.

This suggests that damage partitioning could be a common strategy for reducing

damage accumulation in a wider range of cell types than previously thought.



Chapter3

Spatial structure of intransitive

biological systems

3.1 Introduction: Cyclic interactions in biological systems

Food webs, where multiple species interact as predator and prey, can be described

as directed networks. A node in the network corresponds to a species and a link

represents a predator-prey relationship, pointing from the prey to the predator.

In most cases it is possible to make an ordering of all species in the ecosystem,

assigning to each species a trophic level, such that any species only predates on

species of lower trophic levels than their own [3]. Thus, trophic level 1 consists

of species at the bottom of the food chain, which do not predate on any other

species, while the species at the highest trophic level have no predators. When

such an ordering is possible, the network representing the ecosystem is acyclic

and the food web is sad to be transitive.

However, in some cases cyclic interactions occur. This may happen between

two species, as in the case of cobras and mongooses or some squids and fish,

or it may involve three or more species. One well-studied example of a three

species system with cyclic interactions involve three strands of Escherichia coli

bacteria [91, 92]. Strand 1 excretes a toxin, to which strand 2 is susceptible and

strand 3 is resistant. If strand 1 and 2 is introduced to the same environment,

strand 2 will be suppressed by the toxin. If only strand 2 and 3 grow in the same

environment without the toxin, strand 2 will outcompete strand 3, as it does not

expend energy on maintaining resistance. Finally, if only strand 1 and 3 grow

together, strand 3 will outcompete strand 1, as it requires more energy to produce

the toxin than to maintain resistance. This cyclic interaction is reminiscent of

45
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the game rock-paper-scissors, and is found in many ecological systems, among

others in marine benthic systems [93, 94], plant systems [95, 96, 97], terrestrial

systems [98, 99], and microbial systems [100, 101, 102, 103, 104].

When all three species in such an ecosystem interact at the same time, sponta-

neous oscillations of species abundances will occur. If the system is well-mixed,

these oscillations will grow in size over time until the system becomes unstable

[105]. However, if spatial structure is imposed on the system, such that only

local interactions are allowed, the system becomes stable. This illustrates the

importance of spatial structure of dynamical systems, and has been verified in

several experimental settings, among others by arranging the three strands of E.

coli on a petri dish [91, 106, 107]. The effect of spatial structure of intransitive

ecosystems has also been thoroughly studied in Monte Carlo simulations [108,

109, 110, 111, 112], but exactly how spatial structure stabilises the system is still

an open problem, even though many different analytical approaches have been

applied [105, 113, 114].

3.2 Mean-field approximation of 3-species system with

cyclic interactions

In the mean-field approximation, the system is not spatially organized, so long-

range interactions between species is possible.

Assume that abundances of each species is represented by the probabilities

p1, p2, and p3, and that the species grow at rates v1, v2, and v3, respectively. The

time evolution of the species abundances is then given by [105]

ṗ1 = v1 p1 p2 − v3 p3 p1 (3.1)

ṗ2 = v2 p2 p3 − v1 p1 p2 (3.2)

ṗ3 = v3 p3 p1 − v2 p2 p3. (3.3)

A steady state of these dynamics can be found by setting the time derivatives to

zero, resulting in the double equation

v1 p1 p2 = v2 p2 p3 = v3 p3 p1, (3.4)
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Figure 3.1: a) We consider a well-mixed system of three species with cyclic
interactions, reminiscent of the game rock-paper-scissors. Species 1 overgrows
species 2 at rate v1, species 2 overgrows species 3 at rate v2, and species 3 in turn
overgrows species 1, at rate v3. b) When all species grow at the same mean rate,
they will be equally abundant. When the system is spatially structured, here by
being arranged on a square lattice, members of the same species will self-organize
to form clusters of a characteristic size. c) When species 1 grows faster than 2 and
3, species 3 will be more abundant than species 1 and 2. Here species 1 has a five
times faster growth rate than species 2 and 3.

leading to [115, 105]

p1 =
v2

v1 + v2 + v3
(3.5)

p2 =
v3

v1 + v2 + v3
(3.6)

p3 =
v1

v1 + v2 + v3
. (3.7)

From equations (3.5)-(3.7), we see that the abundance of a species is propor-

tional to the growth rate of the prey of that species (see Fig. 3.1). This may

seem counter-intuitive, as one might expect a fast-growing species to become

abundant in the system. However, if this was the case the prey of the fast growing

species would become scarce, improving the conditions for its predator. This

would, in turn, lead to a decline in the population size of the fast growing species.

Thus, the feedback loop of the cyclic interaction results in a steady state situation

where growing fast does not help a species to gain biomass, but instead helps its

predator.
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3.3 Model 1: Stability of spatial intransitive systems

3.3.1 Introduction

The dilemma known as the tragedy of the commons occurs when multiple

individuals depend on a shared and limited resource. Relevant examples of this

phenomenon include overfishing and global warming. In these cases, it is in the

long-term interest of all involved individuals that the relevant resource (fish or

fossil fuels, respectively) is rationed to avoid depletion. However, in the short

term each individual has an interest in consuming a larger share of the resource

than their more prudent neighbours, to gain a competitive advantage. If the

individuals act rationally to promote their own self-interest, they will therefore

increase consumption to the point where the resource is depleted [116, 117]. This

illustrates the need for restrictions to ensure sustainable development.

Surprisingly, prudent consumption of shared resources has been observed in

the competition between large groups of primitive life-forms, such as bacteria and

plants [118, 119, 120]. Here, the emergence of restraint must have an evolutionary

origin, as these individuals have no means of enforcing common restrictions.

In the case of an intransitive three-species system, equations (3.5)-(3.7) show

that it is advantageous to grow slowly for each species as a group, because this

reduces the steady-state abundance of their predator, as discussed in section 3.2.

However, for the individual it is advantageous to grow fast, in order to get a

competitive advantage over other individuals of the same species. Thus, all such

cyclic systems are examples of tragedy of the commons among primitive life

forms [106, 118, 119].

In the next sections, we establish and explore a model to investigate the time

development of three species systems with cyclic interactions, where each species

over time can mutate to change growth rate. We focus on the case where the

system is spatially structured, such that the ecosystem without mutations is stable

over time.
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3.3.2 Model

We consider an L × L square lattice with periodic boundary condition. Each

lattice point is occupied by a member from one of the species, 1, 2, or 3. Initially,

all individuals grow at the same rate, v.

At each time step a random node i and one of its four neighbours j are selected.

If i can overgrow j according to the cyclic interactions, it does so with a probability

corresponding to its growth rate vi. After the invasion, j is a member of the same

species as i, from which it also inherits the growth rate vj = vi. However, there

is a small probability pmutate that j mutates. Hereby, j will either become faster

growing than i, vj = (1 + γ)vi, or slower growing, vj = vi/(1 + γ), where γ is a

constant. We ran simulations in which either all three species, two species or only

one species were allowed to mutate.

Unless otherwise stated, all simulations were performed on a lattice of side

length L = 200 with the growth rate mutation constant γ = 0.02 and the proba-

bility to mutate pmutate = 5 · 10−5. These parameter values ensured that the range

of growth rates within a species at any given time would only vary 2− 4%.

3.3.3 Results

When all three species are allowed to mutate, the faster growing mutants of

all species will have a competitive advantage over slower growing individuals

of their own species, and thus have a higher survival chance. This leads to an

exponential acceleration of growth rate over time for all species (see fig. 3.2a). If

one species by chance develops a slower growth rate than the other two species,

a higher selection pressure will result. Hence, the growth rate of this species will

start to accelerate more than the growth rates of the other species, so over time

the growth rates for the three species stay approximately equal. This is illustrated

in fig. 3.3b. From equations (3.5)-(3.7) we, therefore, also get that the species will

remain equally abundant over time, as observed in fig. 3.2b.

When two out of three species are allowed to mutate, we observe an approx-

imately linear acceleration in their growth rates. If the two mutating species

are 1 and 2, we see from equations (3.5)-(3.7) that species 1 and 3 will become
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more and more abundant, while species 2 decreases hyperbolically in size. When

species 2 has become so scarce that on average only a few clusters of individuals

remain on the lattice, it eventually goes extinct due to random fluctuations (see

fig. 3.2c-3.2d). When this happens, species 1 will quickly be overgrown by species

3. Thus, the only species left will be the non-mutating species 3. Because the

abundance of species 2 decreases hyperbolically, the time before system collapse

dramatically increases with the lattice size L.

If only a single species, e.g. species 1, is allowed to mutate, it will initially

accelerate in growth rate. However, when it reaches a mean growth rate of

approximately v1 = (2.4± 0.1)v2, it stops evolving and the growth rate stabilizes

on this value (see fig. 3.2e). Since species 1 grows faster than the two other

species, species 3 will become most abundant. Specifically, we observe in fig. 3.2f

that an equilibrium is reached in which p3 = (2.6± 0.1)p1, while the relative

sizes of species 1 and 2 remain approximately equal. The fluctuations observed in

fig. 3.2f can be attributed to finite size effects. If the lattice length L is increased,

these fluctuations diminish, while the same mean growth rates are seen.

In conclusion, the three species system is evolutionarily stable when either

one or three species are allowed to mutate. However, when two species are

mutating, biodiversity will eventually be lost and only the non-mutating species

will survive. This is an extension of the effect, that in the literature has been

referred to as Śsurvival of the weakestŠ [108].

For the system to be stable, the difference in growth rate between the fastest

and the slowest species must stay bounded, as a consequence of equations (3.5)-

(3.7). If the difference in growth rates diverges, the predator of the slowest species

becomes more and more scarce and eventually goes extinct. In order for the

difference in growth rate to remain bounded, even when some species do not

mutate, the relative acceleration 1
v1

dv1
dt of the fastest species in the system must

decrease to zero for some value of the growth rate. We therefore investigate this

relative acceleration by measuring how often faster-growing mutants and slower-

growing mutants survive. The difference between these survival rates are directly

proportional to the total acceleration of the growth rate of the species, where the

proportionality constant includes a factor of the probability of mutation pmutate,
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Figure 3.2: a-b) When all species are allowed to mutate, they will stay approxi-
mately equally abundant, while their growth rates increase exponentially. c-d)
When species 1 and 2 are allowed to mutate, their growth rates will accelerate
approximately linearly, while species 3 continues to grow at a steady rate. As a
result, species 2 will decrease in size, and eventually die out. The non-mutating
species 3 will be the sole survivor in the system. For these panels, simulations
are carried out with a lattice length of L = 1000 in order to show the hyperbolic
decline of species 2. e-f) When only species 1 mutates, it initially accelerates in
growth rate, but stabilizes at a rate fluctuating around 2.4 times faster than species
2 and 3. Consequently, species 3 grows to become 2.6 times more abundant than
species 1 and 2.
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when this is small. Interestingly, the acceleration is also proportional to the square

of the growth rate mutations factor γ (see fig. 3.3a). This can be attributed to the

fact that both the survival chances of a mutant and the corresponding increase in

growth rate are proportional to γ. In an ecological system, where mutations of a

broad range of magnitudes are expected to occur, this suggests that the evolution

of species will be dominated by big leaps. Small evolutionary improvements in

fitness of a single mutant are less likely to influence the evolution of the entire

species.

The relative acceleration of the fastest species is plotted as a function of the

relative growth rates v1/v2 and v1/v3 in fig. 3.3c. The relative acceleration has

been found by monitoring how many out of a minimum of 80,000 fast mutants

succeed in outcompeting the rest of its species, compared to slow mutants. When

the fastest species is much faster than the other two, it is seen in the figure that

the fastest species will decelerate. This is a result of better survival chances of

the slow mutants, which decreases the growth rate of the species and promotes

biodiversity. The functional form of the figure is independent of the absolute

magnitudes of the growth rates, since multiplying all growth rates by a constant

factor corresponds to changing the time scales.

Figure fig:phasespace can help to explain the observations in figure 3.2, when

either one or two species mutate.

In the case of species 1 and 2 mutating at the same rate, species 1 will

evolve to grow faster and faster than its predator (species 3) while keeping the

approximately same growth rate as its prey (species 2). This corresponds to

moving along the vertical line v1/v3 = 1 if fig. 3.3c. At the same time, species 2

will evolve to grow faster and faster than its prey (species 3) while keeping the

approximately same growth rate as its predator (species 1). This corresponds to

moving along the horizontal line v1/v2 = 1 if fig. 3.3c after a cyclic permutation

of indices. Along both lines, the acceleration is positive, which leads to a collapse

of the system when species 2 eventually goes extinct.

When only a single species (i.e. species 1) is allowed to mutate, the flow of the

system in fig. 3.3c is confined to the line v1/v2 = v1/v3. Thus, the dynamics will

lead the system along this line to the point where the acceleration becomes zero
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Figure 3.3: a) The acceleration in growth rate of any species is proportional to
the growth rate mutation factor γ squared. That is, if the relative difference in
growth rate between mutants and their ancestors doubles, the overall acceleration
of the growth rate of the species will become four times as large. This suggests
that big leaps in growth rate will dominate the evolution of species in cyclic
competition communities. b) When all three species are allowed to mutate, a
stable fixed point of the dynamics will exist when all species have equal growth
rates. When the growth rate of species 1 is faster than that of species 2 and 3,
faster mutants of species 1 will die out more frequently. This reduced selection
pressure will result in a slower relative growth rate of species 1. c) Here, colours
indicate the relative acceleration in growth rate of the fastest species, taken to
be species 1, as a function of the relative velocities v1/v2 and v1/v3. The relative
acceleration is defined as 1

v1

dv1
dt . When all species grow at the same rate, i.e. in

the lower left corner of the figure, their growth rates will all accelerate. If species
1 is growing at a much higher rate than the other two, i.e. in the upper right
corner of the figure, slow growing mutants of species 1 will have better survival
chances than faster growing mutants, which results in a decrease in the growth
rate. When only one species is allowed to mutate, the system is confined to the
line v1/v2 = v1/v3. Along this line, arrows indicate the flow of the system. These
arrows point to the previously mentioned steady state v1 = (2.4± 0.1)v2. The
theoretically optimal speed of species 1 given by equation (3.10) is indicated by
the dashed line. As expected, the dashed line intersects the line v1/v2 = v1/v3
approximately in the steady state point.
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at a value just below v1/v2 = 2.5, as indicated by the arrows. This corresponds to

the steady state observed in fig. 3.2e.

3.3.4 Mechanism for deceleration

As argued in the previous sections, in order to maintain biodiversity it is necessary

for species with a large relative growth rates to decelerate. We now derive a rela-

tion for the relative growth rates at steady state using a simple, one-dimensional

argument.

Mutants of different growth rates tend to separate spatially on the lattice

[101]. Therefore, even though faster mutants will always have a local competitive

advantage over slower mutants, these faster mutants run a at risk of exhausting

their local environment of prey, which will leave them in an isolated cluster

surrounded by predators (see fig. 3.4a-3.4c). In order to survive, the fastest

species (species 1) should not exhaust a cluster of prey (species 2) before the prey

has had time to grow through the predator (species 3), connecting it to a new

cluster of prey (species 2, see fig. 3.4d-3.4f). We hypothesize the optimal growth

rate to be the rate at which a species will grow through a typical cluster of prey

at the same time as this connects to a new cluster of prey.

typical cluster sizes of the three species can be estimated from equations

(3.5)-(3.7) to scale like

(λ1, λ2, λ3) ∝ (
√

v2,
√

v3,
√

v1). (3.8)

Let us investigate the case where typical clusters of species 1, 2, 3, and 2 are

arranged on a one dimensional line (see fig. 3.4g). With time, species 3 will be

overgrown by the two clusters of species 2 at rate v2. At the space-time diagram

of fig. 3.4g this corresponds to a slope of 1/v2. At the same time, species 1

overgrows species 2 at rate v1, corresponding to the slope 1/v1. In order for

species 1 to overgrow the neighbouring cluster of species 2 exactly when this
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Figure 3.4: a-c) Example of species 1 having too high a growth rate. When species
1 invades a cluster of species 2, it quickly overgrows the entire cluster and ends
up surrounded by its predator, species 3. d-f) Example of species 1 having a 2.4
times faster growth rate than species 2 and 3. Species 1 does not overgrow the
entire cluster of species 2, before species 2 connects to a new cluster of its own
species. g) Model for estimation of optimal growth rate. The typical cluster size
of any species is taken to proportional to the abundance of that species. Therefore,
the typical cluster diameter of species 2 is λ2 ∝

√
p2 ∝

√
v3 and for species 3 it is

λ3 propto
√

p3 ∝
√

v1. In this space-time diagram clusters of species 1, 2, 3, and 2
are arranged on a line. Species 1 grows with slope 1/v1 and species 2 grows with
slope 1/v2. By demanding that a typical cluster of species 2 is overgrown just
when it connects to a new cluster of species 2, an estimate of the optimal speed
for species 1 can be derived.

connects to the second cluster of species 2, we must have

1
v1

(√
v3 +

√
v1

2

)
=

1
v2

√
v1

2
⇔ (3.9)

v1

v2
= 1 + 2

(
v1

v3

)−1/2

(3.10)

In the case where v2 = v3 the solution to this equation is v1/v2 = v1/v3 = 2.3,

which is in excellent agreement with the value of 2.4± 0.1 found in fig. 3.2e.
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The contour line of zero acceleration is shown in fig. 3.3c. This is seen to agree

well with (3.10) when v2 ≈ v3. The discrepancies for v2 � v3 and v2 � v3 arise

because the cluster structures of species 2 and 3 disappear in these limits, which

negates (3.8) allowing species 1 to survive.

3.3.5 Discussion

Our results show how groups of primitive organisms may self-organize to a state

of sustainable development, preventing the tragedy of the commons. In particular,

in the case of cyclic competition, a key factor is the evolution of restraint in growth

of the individual species.

The group selection that ensures this evolution of restraint is only possible

if the system is spatially structured. In a locally structured system, such as a

Petri dish or the ocean bed, biodiversity can be maintained if one or all three

species are allowed to mutate. If two species are allowed to mutate, the system

becomes unstable as these two species continue to accelerate in growth rate, a

result not previously described. In a well-mixed system, without spatial structure,

the species will start a race to extinction.

If the three species are all mutating at different rates, for example if the

probabilities of mutations to occur differ among species, one will observe a

long transient period, where all species increase their growth rates enormously.

Eventually, the system will typically become unstable when the species with

the highest mutation rate is eliminated. In practice, however, growth rates are

limited by metabolic constraints. This limit will be reached during the transient

dynamics. Therefore, we also expect actual systems with multiple evolving

species to stabilize before the point where a simulated system collapses.

In conclusion, our results explain quantitatively how communities of bacteria,

plants, and other primitive organisms in cyclic competition can evolve to a state

with moderate consumption of a limited resource. Even though individuals of

each species could obtain a competitive advantage by growing fast, there is a

risk for groups of fast growing individuals to locally deplete their prey. Since

individuals growing at different rates tend to separate spatially, this creates a

group selection which favours moderate growth rates. Thus, the growth rate of
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the fastest growing species is limited by the condition that clusters of prey need

to be able to connect to other clusters of prey before being completely overgrown.

This condition leads to equation (3.10) describing this optimal growth rate of the

fastest species, which is in excellent agreement with simulations.

3.4 Model 2: Labyrinthine clustering

3.4.1 Introduction

In the cyclically interacting three species system, all species constantly need to

migrate spatially to survive. This is a typical trait for many ecological systems.

For example, some types of crickets are known to locally deplete the nutritional

resources of their environment to an extent where mass-migration is the only

alternative to cannibalism [121, 122]. After they migrate, the crickets can not

return to the area until the natural resources have been reestablished. In another

example, deadly viruses and bacteria depend on constantly infecting new hosts

to survive [123, 124, 125].

The concept of migration is only relevant in spatially structured systems,

which is also the only class of systems where the rock-paper-scissors game is

stable over time [91, 107, 109, 111]. Exactly how spatial structure stabilizes the

system is still an open problem [105, 113, 114], but the organization of species

into spatial clusters, as described in the previous sections, is thought to be crucial.

In this section, we further investigate the emergent spatial organization of the

cyclically interacting system, when the three species grow at different rates.

3.4.2 Model

We study the rock-paper-scissors game on a square lattice of L× L nodes and

periodic boundary conditions, similar to the system described in section 3.3.2.

Each node is occupied by one of the three species 1, 2, or 3 growing at rates v1,

v2, and v3, respectively. In each update a random node i and a random of its

neighbours j are selected. If i can invade j according to the cyclic interacting

pattern, it will do so with a probability equal to vi. To investigate cases where

the one species grows much slower than the other two, we start from a random
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configuration of the lattice with all three growth rates being equal, and then

gradually decrease one growth rate.

3.4.3 Results

When the growth rate of species 1 is slowly decreased, species 3 gradually

becomes scarcer until the system eventually collapses to a state where only the

slow species 1 survives [108, 126]. The larger the system size is, the smaller v1 can

become before system collapse. Hence, a very large lattice is required in order

to investigate the limit v1 → 0 while species 3 is still viable. In this limit a new,

interesting spatial organization of the three species system is observed.

The system is dominated by the slowly growing species 1 and its prey, species

2. These species are tangled in a complex configuration with an enormous mutual

perimeter. Species 3 propagates through the lattice in thin and broken wave fronts

overgrowing species 1 and in constant flight from species 2. This results in a

spatial organization where species 1 forms an ever-changing labyrinth of narrow

pathways in which species 3 propagates (see Fig. 3.5a-c). This pattern is stabilized

by a complex spatial feedback loop: The more narrow and twisted the labyrinth

becomes, the longer it will take for species 3 to return to a particular location.

This gives species 1 more time to grow, forming broader pathways.

In order to describe the spatial self-organization in steady state, we study

the spatial correlations pij between species i and j. That is, the probability of a

random node and a random one of its neighbours to be occupied by species i and

j, respectively. Given these correlations, we can generalize equation (3.1)-(3.3),

which described the time evolution of species abundances in the mean field

system, to the new expressions [105]

ṗ1 = v1 p12 − v3 p31, ṗ2 = v2 p23 − v1 p12, ṗ3 = v3 p31 − v2 p23, (3.11)

In the mean field approximation, where all nodes are linked and spatial

structure does not exist, the correlation between two species is simply given by

the product of species abundances p̃ij = p̃i p̃j. Here, we have introduced the

notation, where tilde (∼) denotes that the mean field approximation has been
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Figure 3.5: a) Spatial self-organization in the rock-paper-scissors system when
L = 12800 and species 1 grows 1250 times more slowly than 2 and 3. Species
1 and 2 form a complex labyrinthine structure that dominates the system. b-c)
zooms of the system in panel a, where species 3 becomes visible. Species 3
propagates through the labyrinth pathways formed by species 1.

applied. Using this notation, we get from equations (3.5)-(3.7)

p̃12 =
v2v3

(v1 + v2 + v3)2 (3.12)

p̃23 =
v3v1

(v2 + v3 + v1)2 (3.13)

p̃31 =
v1v2

(v3 + v1 + v2)2 . (3.14)

In Fig. 3.6a-b the steady state abundances and correlations are shown at constant

v2 = v3 = 1 and varying v1 ≤ 1. As described in the previous sections, we see

that a slow growth rate of species 1 leads to a decline in the abundance of species

3. From Fig. 3.6a we see that mean field theory provides a good approximation
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Figure 3.6: Species abundances and correlations for small v1. a) Simulated
and mean field abundances for varying v1. The mean field theory provides a
good approximation to the abundances. Species 3 becomes less abundant when
the growth rate of species 1 is decreased. b) Simulated and mean field spatial
correlation between different species for varying v1. The simulated correlations
are much lower than predicted by the mean field theory due to clustering. c)
We define the new measure χ as the ratio between the predicted mean field
correlations and the observed correlations, which are equal for all species as
derived in equation (3.18). d) The measure ξi for a lattice point i is defined as the
maximal ratio between the path distance and the geodesic distance to any other
lattice point in the same connected component. This ratio becomes larger when
v1 decreases, indicating that clusters become more labyrinthine. e) Value of the
measure χ for different values of growth rates v1, v2, and v3, where v3 without
loss of generality is assumed to be largest. When v3 � v1, v2 large clusters form
in the system, and the ratio χ diverges. When one species grows much slower
than the others, χ approaches 5. This gives rise to the labyrinthine clustering in
Fig. 3.5a, as explained in the main text.

for how abundances depend on growth rates, with only the small deviation that

species 2 becomes slightly more abundant than species 1 for low v1. However,

the mean field approach can not capture the spatial organization of the species,

and thus it predicts interspecies correlations far larger than what is observed in

simulations, as seen in Fig. 3.6b).
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The fact that the abundances are correctly predicted indicates that the mean

field correlations are proportional to the true, spatial correlations. Indeed, if (3.11)

is set to zero for both the spatial and mean field system, we get that the time

average of the correlations pij in any equilibrium state must satisfy

p̃12 =
v3

v1
p̃31 (3.15)

p12 =
v3

v1
p31. (3.16)

Dividing these equations with each other gives

p̃12

p12
=

p̃31

p31
. (3.17)

Since these equations also hold under cyclic permutations of indices 1-3, we get

the relation

p̃12

p12
=

p̃23

p23
=

p̃31

p31
≡ χ. (3.18)

Here we have introduced the ratio χ, defined by how much the time average of

the correlations between two species is larger in the steady state of the mean

field approximation compared to the spatial system (see Fig. 3.6c). This new

statistical measure describes the spatial and dynamical organization of the rock-

paper-scissors game for varying growth rates.

The measure χ can be interpreted in two closely connected ways: As a ratio

between individual survival times in the simulated system and the mean field

system, and as a measure for the degree of clustering in the system.

In each update, the probability that some individual of species 2 will be

overgrown is Nv1 p12. The total number of individuals belonging to species 2 is

Np2. From this we get that the average time before a node of species 2 is invaded

by species 1 is given by T2 = p2
v1 p12

for the spatial system and T̃2 = p̃2
v1 p̃12

in mean

field. Therefore, χ ≈ T2
T̃2

can be interpreted as how much the survival time of

any individual is increased in the simulated system compared to the mean field

system, i.e. how much the spatial organization slows down the dynamics.

Furthermore, when χ is large, the correlations between two different species

pij of the spatial system is much smaller than in the mean field system, according

to (3.18), so the species must have a high degree of clustering. Hence, χ gives a
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measure for the clustering of the spatial system. This interpretation is related to

the survival time interpretation as follows: If the average cluster diameters are

doubled, each node will live for twice as long before being invaded, corresponding

to increasing χ by a factor two.

We now investigate how χ depends on the growth rates v1, v2, and v3. In Fig.

3.6e this dependency is shown as a function of the relative growth rates v1
v3

and
v2
v3

, where v3 is chosen to be the fastest growing species. When all growth rates

are equal we have χ ≈ 2.5, corresponding to the moderate amount of clustering

observed in Fig. 3.1b. When species 3 grows much faster than the two other

species, corresponding to v1
v3
≈ v2

v3
≈ 0, we see that χ becomes very large. This is

in agreement with the large amount of clustering observed in Fig. 3.1c.

When one species grows much slower than the other two, corresponding to

v1 → 0 while v2 = v3 = 1 we see from Fig. 3.6c and 3.6e that χ approaches a finite

value close to 5. In this limit, species 3 becomes very scarce, as seen in Fig. 3.5a

and expected from Eq. (3.7). It is, therefore, limited how large clusters species 3

is able to form. The observation of χ suggests that clustering only reduces the

spatial correlation between species 2 and 3 by a factor 5 compared to the mean

field system. According to Eq. (3.18) all three species must have the same degree

of clustering. This sets an upper bound for how much species 1 and 2 can cluster.

The mean field approach predicts a correlation of p̃12 = 1
4 , so with χ ≈ 5 equation

(3.18) dictates the spatial correlation to be p12 ≈ 1
20 . This agrees well with the

12800× 12800 system in Fig. 3.5a, where v1 = 0.0008, v2 = v3 = 1, and p12 ≈ 0.05,

which is also evident from Fig. 3.6b.

The measure χ quantifies the amount of clustering, in terms of the average

distance from an individual to its closest predator or, relatedly, the survival time.

However, it does not provide information on the cluster size distribution, which is

also dependent on the shape of the clusters. Cluster size distributions for varying

growth rates of the three species are shown in Fig. 3.7.

In the case where all species grow with the same rate, Fig. 3.7a shows that

the cluster size distribution sharply decreases for clusters larger than 1000 nodes.

When the growth rate of species 1 goes to zero, large clusters of species 1 and

2 become much more likely, while species 3 continues to be organized in small
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Figure 3.7: Cluster size distributions. For all plots L = 2048. a When all species
grow at the same rate, v1 = v2 = v3 = 1, the cluster size distribution sharply
decreases for clusters larger than 1000 nodes. b Species 3 becomes less abundant
when the growth rate of species 1 decreases, and large clusters of species 1 and
2 become more likely. Here v1 ≈ 0.5, and v2 = v3 = 1. c In the limit v1 → 0, as
here where v1 ≤ 0.007, v2 = v3 = 1, the cluster size distributions of species 1 and
2 become heavy-tailed with a cut-off set by the system size.

clusters. The cluster size distributions of species 1 and 2 become exceedingly

broad, culminating in a heavy-tail distribution with a cut-off that is set by the

system size (see Fig. 3.7c).

Emergence of labyrinthine patterns have previously been observed in various

dynamical systems such as magnetic liquids, confined granular-fluid systems,

and in chemical reaction-diffusion systems [127, 128, 129]. However, there is no

commonly accepted measure that quantifies how labyrinthine a particular pattern

is. We here develop such a measure in order to investigate how the labyrinthine
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spatial organization observed in Fig. 3.5 arises.

In labyrinths, points i and j that are close to each other in terms of geodesic

distance dgeo are often separated by a long distance dpath, if one is restricted to

only travel along the connected component (c.c.). That is, one needs to travel a

long way inside the labyrinths to go a relatively short straight line distance. To

characterize how labyrinthine the spatial organization of a species is, we therefore

introduce the local measure

ξi = max
j∈c.c.(i)

(
dpath(i, j)
dgeo(i, j)

)
. (3.19)

Thus, ξi is defined by the maximal ratio between the path distance and the

geodesic distance to any other lattice point in the same connected component.

In other words, how many times the straight line distance one at most needs to

travel along the labyrinth from a point i to any other point j in the same connected

component. We also define the global measure ξ as the spatial average ξ = 〈ξi〉.

Fig. 3.8a-d shows the values of ξi and ξ for four different spatial patterns. It

is seen that the streets of Manhattan, which are arranged in the characteristic

regular square lattice pattern, yield low values of ξi. Conversely, patterns such

as critical percolation, the famous labyrinth on the floor of Chartres Cathedral

in France, and the labyrinthine patterns that emerges in confined granular-fluid

systems [128] result in high values of ξ.

Fig. 3.8e-h shows the values of ξi and ξ for species 1 in the spatial rock-paper-

scissors game on a 1024x1024 lattice for varying v1. It is clear that ξi is low in

regions where species 1 is either located in large and dense clusters, or in small

disconnected components. For low v1, species 1 self-organizes into labyrinthine

paths in some regions, where ξi is consequently high. Fig. fig:pChid depicts ξ as

a function of v1. It is seen that ξ of species 1 steadily increases as its growth rate

decreases exponentially, confirming that a labyrinthine pattern emerges.
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Figure 3.8: Values of the local labyrinthine measure ξi and the spatial average

ξ for different spatial patterns. a) Streets of Manhattan. b) Labyrinthine patterns

in confined granular-fluid systems found in [128]. c) Critical percolation on a

1024x1024 lattice with periodic boundary conditions. d) Labyrinth on the floor

of Chartres Cathedral in France. e-h) Species 1 in the spatial rock-paper-scissors

game for varying v1 indicated by the values under the arrow below.

In the model described in section 3.3 we have investigated the significance

of the choice of boundary conditions, and shown that labyrinthine clusters also

emerge for non-periodic boundary conditions. However, the labyrinthine patterns

are destroyed if the species are allowed to diffuse or if a death rate is introduced.

An alternative approach that has been applied to describe the spatial organiza-

tion of the rock-paper-scissors game is the pair approximation [113, 115], which

includes probabilities of a random site and two of its neighbours to be occupied

by particular species. This approximation predicts χ = 1.5, which is far from

the observed value of χ = 2.5. This demonstrates the incapability of the pair

approximation to describe the behavior of the spatial rock-paper-scissors game.



66 Spatial structure of intransitive biological systems

3.4.4 Discussion

Our results quantitatively describe the emergence of a labyrinthine spatial organi-

zation and a consequential slow-down of the dynamics in the rock-paper-scissors

game in the limit where one species grows slowly compared to the other two.

This is achieved through the introduction of two new measures, χ, and ξ. The

spatial organization includes a new type of excitable fronts that propagate on

self-organized labyrinthine clusters distributed over many length scales.

As seen in Fig. 2d, the largest clusters of both the slow species and its prey

cover a large fraction of the system when the growth rate of one species is much

smaller than those of the other two. This feature of the labyrinthine configuration

would not be possible in site percolation, where each of the large species would

need to occupy close to 60% of the nodes to percolate [130]. This further illustrates

the importance of the spatial correlations in the rock-paper-scissors game.

Interestingly, the rock-paper-scissors ecology with one very slow species

resembles the forest fire model in a fire-tree-ashes analogy [6, 131, 132]. In this

analogy, the slow species would be the forest, which is burned by fire, which is

replaced by ashes, and from which trees can slowly grow again. However, one

needs to impose the constraints that trees can only grow in the neighbourhood

of other trees and fire can only be extinguished in the neighbourhood of ashes.

These restrictions make the spatial rock-paper-scissors dynamics different from

those of existing forest fire models.

The method used here to quantify how much clustering slows down the

dynamics of a spatial system, compared to the mean field approximation, through

introduction of the measure χ is quite general. We expect this method to be

applicable to a broad range of dynamical systems. In particular, it may be useful

in predicting the spatial organization in predator-prey models, which continues

to attract significant attention within the field of complex systems [133, 134].



Chapter4

Correlation in communication

habits in large mobile phone

network

4.1 Introduction

Recently, there has been a lot of focus on the structural and dynamic properties of

social networks. The increased availability of large sets of data on communication

patterns has made it possible to study human interaction on a scale and at a level

of detail not previously possible [135]. In particular, mobile phone call records

have been used to investigate human mobility, responses to emergencies, and the

formation of new social ties [136, 137, 138]. The number of people an individual

has links to and the strength of these links characterize the topology of a social

network and are important for understanding the formation of communities and

the spread of information through the network [139, 140].

In large social structures, a tendency for individuals to form links with people

similar to themselves has been observed. This is known as the homophily

principle [141, 142]. On the other hand, people who are already friends may

also influence each other and develop similar habits. In network studies it is

hard to distinguish between these two types of causation. Often it is possible to

demonstrate a correlation in characteristics or behaviour between friends, but

whether people become friends because they are similar or develop similar traits

because they are friends is difficult to determine. Furthermore, a third type of

causation is possible, where a third, underlying cause leads to both the friendship

and the similar habits.

67
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We here study a large social network derived from call track records from

a major European phone company. In this data set it is possible to identify

friends who call each other regularly, their demographic characteristics such as

age and gender, and communication habits, represented by the time of the week

that phone users make their phone calls. Other studies have observed a clear

correlation in demographic characteristics between friends [141, 142]. We expand

on this by showing a correlation in communication patterns between friends

as well as between people of similar age and gender, and that the correlation

increases with the strength of the friendship and the size of the clique of friends.

Furthermore, we are able to draw conclusions regarding the causality behind

the correlations. Specifically, we show that similarities in demographics are

insufficient to explain the similar communication habits for users who phone

each other frequently. Instead, our results suggest that friends establish mutual

norms for phone usage.

4.2 Results

We examined a network of 2.5 million mobile phone users making at least 1 call

per day on average during the period January 2009 - December 2009. This yields

a large dataset of almost 3 billion calls. In the network, a link is said to exist

between two users if they have at least one reciprocated call. We use the term

“friends” to describe such users. The average degree of the network is 7.1.

To investigate the communication patterns of mobile phone users, we define

a call profile as the fraction of outgoing calls made in each hour of the week;

averaging over all call profiles in the network gives the call probability density for

each one-hour interval of the week (see figure 4.1A). The average call profile of the

network displays a bimodal distribution repeated each day, but with fewer calls

on the weekend. By grouping users according to gender and age we were able to

identify characteristic call profiles for different demographics. Such an analysis

shows that females make a higher fraction of their calls during the evening than

males do (see figure 4.1B). Furthermore, it shows that mobile phone users above

the age of 60 make an almost equal amount of call in the afternoons and evenings,

while younger users make the majority of their calls in the evenings (see figure
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Figure 4.1: Probability density of outgoing calls for different groups of people
with hourly resolution. (A) The average call profile of the entire network displays
a repetitive bimodal distribution with fewer calls over the weekends. (B) The
average call profile of females has a higher call density during evenings whereas
males make more calls in the afternoons. (C) Younger age groups tend to make
the majority of their calls during evenings and nights as opposed to the older
segment. Age groups below 20, 30-39, 50-59, and above 70 have been omitted for
simplicity, but show similar characteristics.

4.1C).

To quantify the similarity of pairs of call profiles, we introduced a distance

measure (see Figure 4.2A), based on the area of non-overlap between individual

call profiles. That is, the distance between profile i and j is defined as

dij =
168

∑
t=1
|pi(t)− pj(t)|, (4.1)

where the sum is over the 168 hours in a week and | · | denotes the absolute value.

Applying the distance measure to random pairs of call profiles in the network
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yields the distribution seen in Figure 4.2B. The distance distribution for friends is

shifted to lower values, demonstrating an alignment of call profiles. Furthermore,

weighting the distance measure according to the number of exchanged calls shifts

the distribution even further. This shows that users with reciprocated calls display

similar communication patterns, specifically that they tend to make their calls at

the same times during the week. However, people tend to be friends with others

of the same age and gender, a phenomenon known as homophily. Since we have

shown that different demographics display specific call profiles, this may account

for the similarities between the call profiles of friends.

To assess whether this alignment is due to homophily effects, we generated a

stratified shuffled network by randomly exchanging users of same age, gender,

and with similar levels of mobile phone activity, while keeping the topology of the

network fixed. In this process 2.3% of the users had a unique combination of age,

gender and number of calls and therefore remained in the same location of the

network. However, only 0.2% of the users that are linked in the actual network are

also linked in the stratified shuffled network. In the resulting stratified shuffled

network, links exist between users who have not necessarily exchanged calls, but

share the same demographics as friends in the actual network. We use the term

“lookalike friends” to describe such pairs of users.

Applying the distance measure to lookalike friends in this network yielded a

distribution centered at a larger value than the distance distribution for friends,

but lower than for random pairs of users (see Figure 4.2B). Consequently, the

similarity in call profiles can only be partly explained by homophily.

Instead, we explored the alternative hypothesis that friends establish mutual

norms for phone usage and that this can account for the alignment effect observed

in their call profiles. To this end, we ranked the friends of all individual users

according to the number of exchanged calls. This revealed that the distance of

call profiles decreases with the frequency of calls (see Figure 4.3A). This supports

the hypothesis that friends establish mutual norms for phone usage, and that

these norms are more strongly influenced by close friends.

Interestingly, we found that for a pair of friends, their respective degrees

influence the distance between their call profiles, as shown in Figure 4.3B. When
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Figure 4.2: (A) The difference in the communication patterns of two users is
quantified by a distance, which is defined as the area between their call profiles.
(B) The distance between users with reciprocated calls (red curve) is smaller than
that of random pairs of users (blue curve), and it decreases further if weighted by
the number of exchanged calls (green curve). This shows that friends tend to have
similar call profiles. The stratified shuffled network (dashed curves), where users
of similar age, gender, and activity have been interchanged, does not display
equally small distances, showing that the similarity in call profiles can not be
explained solely by homophily.

comparing friendships with a similar number of exchanged calls, we find that the

smaller the product of the degrees of the users, the smaller the distance between

their call profiles. This goes against expectations, as users with many friends in

general will have a higher total number of calls, which statistically reduces the

noise of their call profiles, making the distance to all other users smaller. This

effect is seen in the stratified shuffled network. The fact that the actual network

and the stratified shuffled network display opposing trends shows that there is

strong tendency to have call profiles similar to your friends - particularly if you

only have few.

Lastly, we investigated the similarities in call profiles between groups of friends
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Figure 4.3: (A) If the friends of a user are ranked according to the number
of exchanged calls, users have the smallest distance to the friends they have
exchanged the most calls with. (B) For all friendships with 400-420 exchanged
calls, the smallest distances occur when the product of the degrees of the users
is small. Thus, two users with few other friends tend to have more similar call
profiles than two users with a similar number of exchanged calls, but more other
friends. Similar results are obtained for other numbers of exchanged calls.

or cliques. A maximal clique is defined as a group of users who are all mutual

friends, but who have no additional friend in common. In this case, the distance

between call profiles decreases with the size of the clique, as shown in Figure 4.4.

When carrying out the same analysis on the stratified shuffled network, we find

that the distances are larger and do not fall off as quickly with clique size. This

indicates that groups of friends tend to have more similar call profiles than what

can be explained by homophily.
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Figure 4.4: (A) A maximal clique is a groups of users who are all friends but have
no other mutual friend. Here a maximal 5-clique is illustrated. (B) The distance
between call profiles of two users belonging to a maximal clique decreases with
the size of the clique. This tendency is less pronounced in the stratified shuffled
network, which means that it can not be explained by similarities in age, gender,
or activity between the users.

4.3 Discussion

In this study we have observed a correlation in communication habits between

friends as well as between mobile phone users with similar demographic charac-

teristics. Unlike previous studies, we have compared these results to a stratified

shuffled network and have thereby been able to demonstrate that homophily can

only partially explain the similarity in call profiles between friends. The method

of using stratified randomization is generally applicable to the study of social

networks and may be used to investigate causal relations in other contexts where

homophily is observed.

Instead of being explained by similarities in age, gender, and calling activity,

the results indicate that the resemblance in communication patterns may develop

over time as friends influence each other to establish mutual calling habits. How-

ever, there are other possible factors that may contribute to observed similarity

in call profiles between friends. First, a person may take a call from a friend,

hang up, and shortly after return the call. Second, two friends may agree to each

call several other friends at the same time, in order to relay a message. Third,
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groups of friends may work or participate in other activities together, thereby

being unable to make calls during certain hours.

An alternative approach in studying the causal relationship between ho-

mophily and communication habits could be to investigate people moving from

one location to another. One could then see whether new links would be es-

tablished to people who already have similar call profiles, or whether the com-

munication pattern of the person moving would slowly synchronize to the new

connections.

Another possible avenue for further investigation is the implications of reci-

procity in the network. Studies have shown that social connections in mobile

phone networks often are lopsided, meaning that one friend in a link tends to

make the majority of the calls. In our study, we would expect that the most

frequent caller would influence the communication habits of their friend more

than in the other direction.

Our study also raises several important questions regarding privacy issues,

which are becoming increasingly relevant as major corporations as well as state

agencies gain access to anonymized data from eg. mobile phone carriers. We

have shown a clear connection between communication patterns of individuals

and their demographic characteristics as well as social relations. It is therefore

also possible for such organizations to deduce personal information of indi-

viduals from their communication habits. Hence, one could question whether

anonymized data truly is anonymous.
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Locally self-organized quasicritical percolation in a multiple-disease model
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Diseases emerge, persist, and vanish in an ongoing battle for available hosts. Hosts, on the other hand, defend
themselves by developing immunity that limits the ability of pathogens to reinfect them. We here explore a
multidisease system with emphasis on mutual exclusion. We demonstrate that such a system develops toward a
steady state, where the spread of individual diseases self-organizes to a state close to that of critical percolation,
without any global control mechanism or separation of time scale. For a broad range of introduction rates of new
diseases, the likelihood of transmitting diseases remains approximately constant.
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I. INTRODUCTION

Many phenomena within materials science, physics, and
biology are associated with percolation theory [1,2]. In
particular, it has been shown that bond percolation is equivalent
to the class of susceptible-infectious-recovered (SIR) epidemic
models on a network [3–8].

In such an SIR model, all nodes start out susceptible to a new
disease. If a node is infected, it will try to infect its neighbors
for a fixed time τ , after which it recovers and becomes immune
to the disease. How widely each disease is spread on the
network depends on the probability p, with which a node
infects each of its neighbors before it recovers. The probability
p will, therefore, be directly given by the disease time τ . If
p is greater than a critical percolation threshold pc, there is a
finite probability that the disease will span the entire infinite
network, thus becoming an epidemic.

In nature, percolation phenomena are often found near the
critical probability pc [9]. A possible explanation of this is the
concept of self-organized criticality (SOC), where complex
systems drive themselves to critical states without the need
for fine tuning of the parameters [10–12]. Many models
for self-organized percolation have been studied [13–17]. In
these, the self-organization either arises as a result of very
different time scales or through dynamics involving a global
control mechanism. For instance, a percolation system can
self-organize to the critical threshold by dynamically adjusting
the probability p, such that the percolation cluster keeps
growing at a specific rate [14]. However, this requires that all
nodes on the network “know” how fast the cluster is growing
globally; a condition that is rarely fulfilled.

In this paper we study an SIR model for the spread of
multiple diseases that compete with each other. When many
diseases are present, they may well influence each other by
weakening of host immunity, or they may inhibit each other
through cross immunization or by mutual exclusion [18–21].
Considering mutual exclusion only, here we show that the
system self-organizes to a state close to the critical percolation
threshold for a wide range of input parameters. That is,
it exhibits self-organized quasicriticality without any global
control mechanism or separation of time scale.

II. MODEL

In our model, diseases are spread on a 2D square lattice
with periodic boundary conditions and N = L2 sites, each

representing a host. At each time step the following actions
take place:

(1) With the small probability α
N

, a new disease originates
in a random node on the network.

(2) A random node i and one of its four neighbors j

are selected. If i carries any disease(s), a random disease is
selected. If j is not already infected or immune to this disease,
it is transmitted to j (see Fig. 1).

(3) After τ sweeps over the lattice, j will be cured from the
disease.

The model uses a framework similar to the one recently
developed in [22], except that the present model allows each
node to be infected by several diseases at the same time.
Also, the present model has two input parameters; α is
the introduction rate of new diseases on the network while
the disease time τ corresponds to the duration any node is
infectious with a disease.

A key element is that each node can only transmit one
of its diseases at any given time step. Thus, a disease is
less likely to spread from a node that carries many other
diseases. The model can be run online as a java applet at
cmol.nbi.dk/models/disease/MultipleDiseases.html.

If a node is constantly infected with k diseases, the
probability that it tries to infect a given neighbor with a given
disease before it is cured can be found to be

p = 1 − exp

(
− τ

4k

)
. (1)

This probability corresponds to the percolation probability of
a bond percolation system. When α ≈ 0, diseases are rare and
infected nodes will have only one disease. When τ is large,
this disease will have plenty of time to infect its neighbors,
and will therefore spread in a circular manner with a broad
rim of infected nodes and a solid interior of recovered nodes,
very similar to the well-studied Eden growth [23–25]. When
τ is small, this disease will rarely manage to infect a neighbor
before dying out. For τ = 4 ln(2) ≈ 2.77, we see from (1) that
the probability of infecting a given neighbor is exactly pc = 1

2 ,
which is the critical threshold of bond percolation on a 2D
lattice [26]. In this case the spread of the disease becomes
fractal-like and the regions of infected nodes are only one
node thick. This behavior, which is shown in Figs. 2(a)–2(c)
for a system of size L = 256, is well-studied for single disease
models [3].
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FIG. 1. At each time step, a random node “coughs” on a random
neighbor and thereby transmits a random one of its diseases. If the
neighbor is not already immune to the disease, it is infected and
becomes infectious for a time τ .

FIG. 2. (Color online) Spread of diseases on a lattice of size
L = 256 for different input parameters. Black nodes are healthy, and
bright nodes carry many diseases. Accentuated clusters represent a
particular disease. In (a)–(c) only one disease is present (α ≈ 0).
If τ ≈ 2.77, diseases will spread in fractal shapes of critical
percolation clusters. In the supercritical (τ > 2.77) and subcritical
(τ < 2.77) cases, diseases will grow to span the entire network
or quickly die out, respectively. In (d)–(f) α > 0 the number of
diseases per node will self-organize to a value where the transmitting
probability is close to the critical threshold of percolation pc = 1

2 .
Thus, disease clusters have fractal shapes for a wide range of
input parameters. The development of p is shown in (g)–(i), where
the small fluctuations are due to measurement uncertainties, which
scale as 1/

√
N . In (j)–(l) it is seen that the number of diseases

per node is almost independent of α and resembles a Poisson
distribution.

FIG. 3. (Color online) Critical exponents for disease clusters
when α = 2 and τ = 5. Black lines show the exponents for critical
percolation, while the fitted values for the exponents are shown
in the tables for different input parameters. The inserts show the
experimental data normalized with respect to the critical percolation
exponents.
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When α > 0 the analysis is made complicated by spatial
and temporal variations in k and, therefore, p. For τ > 2.77
the system will initially be supercritical, and all diseases will
grow rapidly. Consequently, the average number of diseases
per node 〈k〉 will increase and the average probability 〈p〉 over
the lattice will decrease. If 〈p〉 becomes less than 1

2 , most new
diseases will only spread to a handful of nodes before dying
out. Thus, 〈k〉 will decrease and 〈p〉 will increase. This negative
feedback mechanism will drive the system to a state, with 〈p〉
close to the critical percolation threshold, where disease sizes
of all orders of magnitudes occur. In this state, the number
of diseases per node is close to Poisson distributed across the
lattice, but with both spatial and temporal correlations in k

[see Figs. 2(j)–2(l)]. A high τ will result in many diseases per
node and a high α will make the system self-organize faster,
but for a wide range of both parameters diseases will spread
in fractal-like shapes, as can be seen in Figs. 2(d)–2(f).

The average probability 〈p〉 of transmitting a disease can
be measured directly by monitoring how many neighbors each
node on average tries to infect with a disease, before it is cured.
In Figs. 2(g)–2(i) the development 〈p〉 is shown for various
input parameters. It is seen that 〈p〉 converges to a value close
to 〈p〉 = 1

2 .

III. CRITICAL EXPONENTS

To compare the model to a percolation system, the clusters
of recovered and immune nodes were investigated for different
sets of input parameters. For each disease, its cluster diameter,
mass, and exterior perimeter were measured.

For critical percolation the cluster mass scales with the
diameter giving a fractal dimension of D = 91

48 ≈ 1.896 [2].
In Fig. 3(a) it is seen that disease clusters have dimensions
very close to this, for a wide range of input parameters. The
fractal dimension is larger than 91

48 when α
τ

is small and vice
versa.

The exterior perimeter is defined as the number of sites in
the cluster that have one or more neighbors strictly outside the
cluster. For critical percolation it scales with the diameter with
the critical exponent De = 4

3 [2]. In Fig. 3(b) this is seen to be
very close to the scaling of disease clusters.

At the critical point, the cluster size distribution is expected
to fall off with the critical exponent − 96

91 ≈ −1.05, such that
small diseases occur more frequently than large. In Fig. 3(c) it
is seen that the disease clusters fall off with exponents broadly
distributed around this value, with steeper exponents when α

τ
is

small. Here the chance of getting a disease spanning the entire
network is large, but the chance of a large disease suddenly
dying out is low.

IV. DISCUSSION

In Fig. 4 the steady state probability 〈p〉 is shown as a
function of the input parameters. The observations agree well
with the characteristics of quasicriticality [27]. The system
self-organizes to a near-critical state, but a fine tuning of a
parameter (e.g., α) is necessary in order for the system to
be truly critical. When α is too low, diseases are transmitted
with a probability somewhat larger that pc, and the system
is supercritical, the disease clusters become “heavy” with

FIG. 4. (Color online) Steady state average transmitting proba-
bility 〈p〉 shown for different input parameters. When τ > 2.77, the
number of diseases per node self-organizes to a value, such that 〈p〉 is
close to the critical probability of percolation. For low α, the system
is slightly supercritical and, conversely, when α is high, the system is
slightly subcritical. Fine tuning of a parameter is necessary in order
for the system to be truly critical. Note that the critical threshold is not
necessarily at pc = 1

2 due to correlations in the number of diseases
per node.

a fractal dimension above De = 91
48 , an external perimeter

dimension below D = 4
3 and high probability of forming an

epidemic. When α is too high, the system is subcritical with
low 〈p〉 and D, high De, and with low probability of forming
an epidemic.

It should be emphasized that, due to correlations in the
number of diseases per node, the critical threshold of the
multiple disease model is not necessarily equal to that of
critical percolation pc = 1

2 . Diseases will tend to “get stuck”
and accumulate in regions where there are already many
diseases, while they will quickly “sweep over” regions with
few diseases.

In the model, a node carrying k diseases will have a
probability of 1

k
to pass on each of them. This coupling

mechanism between diseases is not based on empirical
evidence, but merely reflects that diseases compete against
each other. However, the self-organization is robust to changes
in the dynamics as long as diseases inhibit each other. For
instance, if a node carrying k diseases has a probability of
1
k2 to pass on each of them, the case α = 1 and τ = 5 gives
clusters with D = 1.875, De = 1.331, which indeed is close
to the critical exponents of percolation.

V. CONLUSION

Using a recently developed framework for spread of many
diseases [22] we have presented a simple multiple disease
model that exhibits self-organized quasicritical percolation
[27]. The model is based only on local information, having
no global control mechanism or separation of time scale.
Furthermore, the main feature of the self-organization is robust
to changes in the extent to which multiple diseases inhibit
each other. The basic mechanism employed in this model may
be applicable to other systems, where “new” has an intrinsic
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advantage over “old,” and where transmission capacity is
limited. Thus the model may be equally valid as a rumor
spreading model, where rumors compete for attention and

become locally outdated. In this framework the predicted
self-organization may help to explain the broad distributions
found in human social activities.

[1] M. Sahimi, Applications of Percolation Theory (Taylor &
Francis, London, 1994).

[2] D. Stauffer and A. Aharony, Introduction to Percolation Theory
(Taylor & Francis, London, 1992).

[3] P. Grassberger, Math. Biosci. 63, 157 (1983).
[4] J. C. Miller, Phys. Rev. E 80, 020901 (2009).
[5] M. E. J. Newman, I. Jensen, and R. M. Ziff, Phys. Rev. E 65,

021904 (2002).
[6] M. E. J. Newman, Phys. Rev. E 66, 016128 (2002).
[7] L. M. Sander, C. P. Warren, and I. M. Sokolov, Physica A 325,

1 (2003).
[8] M. A. Serrano and M. Boguñá, Phys. Rev. Lett. 97, 088701
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In lowest unique bid auctions, N players bid for an item. The winner is whoever places the lowest bid,

provided that it is also unique. We use a grand canonical approach to derive an analytical expression for

the equilibrium distribution of strategies. We then study the properties of the solution as a function of the

mean number of players, and compare them with a large data set of internet auctions. The theory agrees

with the data with striking accuracy for small population-size N, while for larger N a qualitatively

different distribution is observed. We interpret this result as the emergence of two different regimes, one in

which adaptation is feasible and one in which it is not. Our results question the actual possibility of a large

population to adapt and find the optimal strategy when participating in a collective game.

DOI: 10.1103/PhysRevLett.108.088701 PACS numbers: 02.50.Le, 89.65.Gh, 89.75.Da

In recent years, statistical physics has provided power-
ful tools to study both equilibria [1,2] and dynamical
properties [3–6] of games where the number of players
is large. So far, most of the efforts in this field have been
focused on games in which interactions among players are
pairwise, the most notable and studied example being the
prisoner’s dilemma [3]. However, there are many ex-
amples of collective games where a unique winner is
singled out from a large population. In such cases, com-
paring theory with empirical data is particularly challeng-
ing: As the number of players increases, the statistical
description becomes more appropriate. However, the com-
plexity of the equilibrium strategy may also increase, thus
making it more difficult for real agents to infer it from
available information [7].

Online auctions provide a fertile, yet scarcely investi-
gated ground for exploring this problem [8–11]: The avail-
ability of large data sets provides a unique opportunity to
study whether strategies of real players actually maximize
their winning chances. Here, we focus on lowest unique bid
auctions. This game is interesting for two reasons. First, it
is sufficiently simple to allow for a comprehensive mathe-
matical analysis [12,13]. Second, many detailed auction
records are freely available online. The game is formulated
as follows: N players can bid for an item of value V. The
bid must be a multiple of a minimum amount, so that one
can effectively consider bid amounts as natural numbers.
The winner (if any) is the player who places the lowest bid,
which is unique, i.e., no other player bid on that amount.
All players must pay a fee c to take part in the auction;
additionally, the winner has to pay the bid amount.

In this Letter, we derive an explicit analytic expression
for the symmetric Nash equilibrium of the lowest unique
bid auction and explore its dependence on the total number

of players N. To achieve an explicit solution we assume
that N is not fixed, but fluctuates according to a Poissonian
distribution, in analogy with the choice of the grand
canonical ensemble in equilibrium statistical mechanics.
We then compare the expression with a large data set [14]
where players are informed in advance of the total number
of allowed bidsN. We find a remarkable change in the data
as N increases: In the low N regime (fewer than � 200
players), the theory predicts very well the bid distribution.
In this regime, the game is effectively a lottery, since
winning chances are evenly spread on any number.
Conversely, in the large N regime, the data deviate from
the theoretical solution and rather follow an exponential
distribution. Here, players fail to adapt to the optimal
strategy and the winning chances are highly dependent
on the chosen number.
In a symmetric Nash equilibrium, all players adopt the

same strategy, and no player can benefit from changing
strategy unilaterally, i.e., should any player change strat-
egy, his expected payoff would be equal or worse. Consider
N individuals playing according to the same strategy p ¼
ðp1; p2; p3; . . .Þ, where pk is the probability of bidding the
number k. Then, the distribution of bids is multinomial:

P ðnÞ ¼ N!

n1!n2! . . .
pn1
1 pn2

2 . . . ; (1)

where n ¼ ðn1; n2; n3; . . .Þ are the number of bids placed
on each number k. For convenience, we introduce the
generating function:

G NðxÞ ¼
X
fng

P ðnÞxn11 xn22 ; . . . ;¼ ðx � pÞN: (2)
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We now assume that N is not fixed, but fluctuates accord-
ing to a Poissonian distribution of mean �, leading to a
grand canonical generating function:

~G �ðxÞ ¼
X
N

�Ne��

N!
GNðxÞ ¼ exp½�ðp � x� 1Þ�; (3)

i.e., the number of bids on each number is also Poisson

distributed with mean fk ¼ �pk. By differentiating
~G with

respect to x, it is straightforward to compute the probabil-
ities wk of k being the winning number, i.e., that there is a
unique bid on k and no unique bids on lower numbers:

wk ¼ fke
�fk

Yk�1

j¼1

ð1� fje
�fjÞ: (4)

It is also useful to compute the probability ck of k being a
potential winning number, i.e., that there are no bids on k
and no winners on lower numbers:

ck ¼ e�fk
Yk�1

j¼1

ð1� fje
�fjÞ: (5)

We note that the probability of each bid to be a winner on
a given number wk=fk is equal to the probability ck of
numbers to be potential winning numbers, which is a
peculiar property of Poisson games [15].

The expected payoff for a player bidding k will be
ðV � kÞwk=fk � c. At equilibrium, the expected payoff
should be independent of k. Otherwise, players could
benefit from bidding on numbers with high payoffs more
frequently. Imposing this condition leads to a recurrence
relation for the average bidding frequencies,

fkþ1 ¼ lnðefk � fkÞ þ ln

�
1� 1

V � k

�
: (6)

To avoid a negative number of bids, the support of the
distribution must be limited to the region where all fk’s are
positive. In this region k < V holds, so that the fk’s are
strictly decreasing. The initial condition f1 has to
be determined iteratively from the condition

P
jfj ¼ �.

If the frequencies fk tend to zero for values of k much
smaller than the value of the item V (a condition that is
always fulfilled in our data set, and will be consistently
assumed in the following), the last term in (6) can be
disregarded. In this limit (formally corresponding to
V ! 1) the recurrence relation has been derived in [13]
and it is well defined for all values of k 2 N . We extend
this solution by noting that the normalization conditionP

kfk ¼ � implies an explicit expression of f1: Eq. (6) can
be written as fk ¼ efk � efkþ1, which summed over k
yields the initial condition f1 ¼ lnð�þ 1Þ. This allows
for an explicit expression for any specific fk’s by iteration.
Substituting the solution into (4) also shows that the

average chance of winning of each bid is equal to
ð�þ 1Þ�1, which is also equal to the chance of having no
winner in the auction.
Before discussing the comparison with the data, we

briefly study some properties of the Nash equilibrium
distribution. When fk � 1, a continuous approximation of
(6) shows that fk decreases logarithmically with k. For
small fk � 1, one can approximate fkþ1 � f2k=2, showing
that the distribution has a superexponential cutoff. The
scaling of the value k�ð�Þ, around which the cutoff occurs,
can be estimated in the following way. By removing all the
players that bid on k ¼ 1we change the average number of
players by the amount f1 giving �new¼�old� lnð�oldþ1Þ.
This is equivalent to shifting the whole distribution by one
along the k axis, resulting in k�new ¼ k�old � 1. This scaling
transformation in the continuum limit becomes d�=dk� ¼
lnð�þ 1Þ, with the solution k�ð�Þ ¼ lið1þ �Þ þ C, where
liðzÞ ¼ R

z
0 dt= lnt is the logarithmic integral and C is a

constant of Oð1Þ.
We now move to the comparison of the equilibrium

solution with empirical data from Ref. [14]. The data set
includes 724 online auctions from April 2007 to January
2011 with a variable number of bids ranging from N ¼ 26
to N ¼ 4748. The number of allowed bids in a particular
auction is announced before bidding starts, and the auction
closes when this number is reached. Each player is allowed
a limited number of bids. The average number of bids per
player in the full data set is only 2.47 and very weakly
dependent on N. In the Supplemental Material [16], we
demonstrate with agent based simulations that allowing a
small number of multiple bids per player does not alter
significantly the equilibrium strategy. For this reason, in
the subsequent analysis, we will neglect the effect of
multiple bids by the same player and treat the bids as
statistically independent.
In Fig. 1 we compare the theoretical and empirical

bidding frequencies in different auctions having different
numbers of players and different item values. In order to
make the histograms smoother, we averaged each panel
over L different auctions having similar numbers of players
and same item value (shown in the figure).
On the fine scale of single numbers, the data show a

structure dictated by known psychological effects. Players
tend to favor odd numbers over even numbers. Some
specific numbers (like 17 and other primes) are perceived
to be ‘‘original’’ by some players, and are chosen with
significantly larger probability than neighboring ones.
On a coarser scale, the agreement between theory and

data is striking for smaller auctions [i.e., fewer than 200
players, panels (A) and (B) of Fig. 1]. It is particularly
remarkable that the empirical histograms reproduce the
sharp cutoff, considering the nontrivial dependence of k�
on the number of players.
Theoretically, players should adjust their bidding strat-

egies according to the number of players rather than the
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item value, which can be assumed to be infinite. In all
auctions in the data set, the cutoffs of the corresponding
theoretical distributions occur at bid values much smaller
than the item values (shown in panels). To test whether the
empirical bidding distributions are independent of V, panel
(E) compares two sets of auctions with the same number of
players, but with item values that differ by a factor of 3.
The bidding distribution for the pricey item have a slightly
heavier tail, but overall the distributions are very similar.

The agreement between theory and data progressively
deteriorates as the number of players increases [see panels
(C) and (D)]. For a large number of players (more than
2000) an exponential distribution fits the data better, as
shown in the lower panels of Fig. 1. This can be understood
by arguing (see, e.g., [17–19]) that players having incom-
plete information about the game play according to
a strategy defined as pk ¼ expð��EkÞ=Pj expð��EjÞ
where Ek is the expected payoff when placing a bid k
and � quantifies the degree of uncertainty about the
game. If players have poor knowledge about the optimal

strategy, they could assume a uniform prior probability to
win on each k, resulting in Ek decreasing linearly with k
due to the cost of the bid when winning. Substituting this
prior into the aforementioned strategy yields a bid distri-
bution exponentially decreasing with bid size.
A quantitative measure of how the data deviate from

theory is shown in Fig. 2, where, for each auction, we plot
the l2 distance d between the theoretical probability distri-
bution and the empirical one, d ¼ N�2

P
kðfk ��kÞ2,

where �k is the number of bids on k in a given auction.
If bids were randomly drawn from the theoretical distribu-
tion, the expected distance would decrease with the number
of players as hdi ¼ N�1. Empirically, the distances have a
large spread around the expected value for small auctions
and are consistently larger than expected forN > 200. This
outcome cannot be simply explained by the larger number
of auctions for smaller N: As a consequence of players’
turnover, the distributions at fixed N do not evolve with
time in a significant way, as we checked by comparing
older to more recent auctions.
Another interesting quantity is the distribution of actual

winning numbers. At equilibrium, it should be equal to the
distribution of bids. As shown in Fig. 3, the empirical
distribution of winning numbers supports this feature.
The vast majority of winning numbers fall within the
theoretical cutoff (pink shaded area of Fig. 3). In the
figure, we also show the analytical estimate k� �
ð1þ 1= lnNÞN= lnN based on the asymptotic expansion
of the logarithmic integral. The black line is the average
winning number, which in the relevant range, scales ap-
proximately in the same way as the cutoff.
Binning the data yields average winning numbers in

excellent agreement with the theory, even for large N
where the empirical distribution of bids departs from the
theory. However, the variance of winning numbers be-
comes much smaller than the theoretical prediction for
N > 103. To further explore this phenomenon, we compute
the actual probabilities to win on a certain number, given

FIG. 2. l2 distance between the theoretical solution and the
empirical histogram for each auction. The continuous line is the
theoretical expectation hdi ¼ N�1 if all bids for each histogram
were randomly drawn for the theoretical distribution.

(A) (B)

(C) (D)

(E) (F)

FIG. 1 (color online). Histograms of bidding frequencies
compared with the theoretical equilibrium distribution. Panels
(A)–(D) show average histograms of different auctions with a
similar number of players and same item value. Panel (E)
compares histograms of auctions with a similar number of
players, but significantly different item values. Panel (F) is
same as panel (D) but in linear-log scale, to illustrate the
exponential shape of the empirical distribution at large N.
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the empirical distributions of bids for auctions of various
sizes. This probability is given bywk=fk which, since ck ¼
wk=fk, is the same as the probability to win on a certain
number for an additional player entering the game. The
results are shown in Fig. 4 for the same examples consid-
ered in Fig. 1. For auctions with few players, the largest
chance of winning is not more than 4–5 times higher than
ðN þ 1Þ�1, the winning probability at the Nash equilib-
rium. In this region, the game is not very different from a
lottery, as the winning chances do not depend much on the
chosen number k � V. In contrast, for large auctions, the
winning chances on low and high numbers are very small,
while intermediate bids may have a winning chance more
than 60 times higher than the average bid in the Nash
equilibrium, providing opportunities for exploitation and
thus potential room for adaptation.

Summarizing, in this Letter we derived the analytical
equilibrium bidding distribution for the lowest unique bid
auction and compared it with empirical data. The emerging

picture is that players are able to infer the optimal strategy
with striking accuracy when the number of playersN is not
too large. In the large N regime, the population-level
strategy is highly nonoptimal and it seems to be determined
by the simple principle of not assuming a particular pref-
erence for any number while avoiding the cost of large
bids.
This result raises nontrivial questions about the effec-

tiveness of adaptive dynamics in collective games. While it
has been studied whether adaptation eventually drives the
system to the optimal solution or generates more complex
dynamical behaviors [20], it is also crucial to assess how
fast the equilibrium is reached. A thorough study of adap-
tive dynamics in such a system will be the subject of a
future study; in the Supplemental Material [16], we show
that indeed, in the simple case of replicator dynamics,
adaptation becomes slower at larger N. Such slowdown
could prevent the inference of the equilibrium strategy for
large populations in realistic time scales, and thus explain
the increasing lack of adaptation in our data as N grows.
We acknowledge useful discussions with M. Marsili, K.

Sneppen, C. Strandkvist, and P. Kempson.
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Clonal selection prevents tragedy of the commons when neighbors compete
in a rock-paper-scissors game
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The rock-paper-scissors game is a model example of the ongoing cyclic turnover typical of many ecosystems,
ranging from the terrestrial and aquatic to the microbial. Here we explore the evolution of a rock-paper-scissors
system where three species compete for space. The species are allowed to mutate and change the speed by which
they invade one another. In the case when all species have similar mutation rates, we observe a perpetual arms
race where no single species prevails. When only two species mutate, their aggressions increase indefinitely until
the ecosystem collapses and only the nonmutating species survives. Finally we show that when only one species
mutates, group selection removes individual predators with the fastest growth rates, causing the growth rate of
the species to stabilize. We explain this group selection quantitatively.

DOI: 10.1103/PhysRevE.85.061924 PACS number(s): 87.23.Kg, 05.10.Gg, 87.18.Hf, 87.23.Cc

I. INTRODUCTION

When multiple individuals depend on a shared and limited
resource, it is in the long-term interest of everyone that
the resource is rationed to avoid depletion. However, in the
short term it is in the interest of each individual to consume
resources fast so as to gain a competitive advantage over
their more prudent neighbors. Acting rationally to promote
their own self-interest, each individual therefore increases
consumption until the resource is depleted [1,2]. This dilemma,
known as the tragedy of the commons, illustrates the need
for restrictions on the use of limited resources to ensure
sustainable development. The potential consequences of not
regulating common property are particularly evident when
it comes to issues such as overfishing and global warming.
Surprisingly, even among primitive life forms, such as bacteria
and plants, prudent consumption of shared resources has been
observed in large groups of competing individuals [3–6]. These
individuals have no means of enforcing common restrictions,
so the emergence of restraint must have an evolutionary
origin.

We here study a community of three species with a
cyclic interaction where species 1 overgrows species 2, which
overgrows species 3, which, in turn, overgrows species 1
[see Fig. 1(a)]. Such intransitive systems, similar to the
game rock-paper-scissors, have been identified in numerous
ecosystems, ranging from terrestrial and aquatic to microbial
ecosystems [7–13].

An interesting property of cyclic interaction is that growing
fast will not help a species to gain biomass—it will help its
predator! By growing too fast, the species will weaken the
population of its prey thereby improving conditions for its
predator [see Figs. 1(b) and 1(c)] [14,15]. Thus, for the species
as a whole it is advantageous to grow slowly, whereas each
individual of the species will get a competitive advantage from
growing fast. It has been observed, both in simulations and in
experiments, that such a species will suffer the tragedy of the
commons if they interact globally, but that biodiversity may be
maintained if the interactions are local [16–22]. The evolution
of restraint must, therefore, depend on the spatial structure of
the system. However, a quantitative mechanism for this has
yet to be identified.

II. MODEL

In our model, each site of an L × L square lattice is
occupied by a member from one of the species, 1, 2, or 3.
Initially, all individuals grow at the same rate. At each time
step the following actions take place.

(i) A random node i and one of its four neighbors j are
selected. If i can overgrow j it does so with a probability vi .
Hereby, j becomes a member of i’s species with the same
growth rate vj = vi .
(ii) When i overgrows j , it might mutate by a small

probability pmutate. Hereby, j will either become faster growing
than i, vj = (1 + γ )vi , or slower growing, vj = vi/(1 + γ ),
where γ is a constant.
Unless otherwise stated, we have used L = 200, γ = 0.02,
and pmutate = 5 × 10−5. This choice of parameters ensured
that the range of growth rates within a species would only vary
2%–4% at any given time.

III. RESULTS

Assume that the species grow at rates (v1,v2,v3) and that
the probabilities of finding each at any one lattice site are
(p1,p2,p3). In the mean-field approximation we achieve a
steady state when v1p1p2 = v2p2p3 = v3p3p1, leading to
Refs. [14,23]

(p1,p2,p3) = 1

v1 + v2 + v3
(v2,v3,v1) ⇒ (1)

p1

v2
= p2

v3
= p3

v1
. (2)

This steady state is stable for the spatially structured system.
In the mean-field model, where all sites are neighbors, the
abundances of the three species will oscillate with larger and
larger amplitudes until biodiversity is lost. It is, therefore, only
possible to study the effect of mutations when the system is
spatially structured.

If all three species are allowed to mutate, their growth
rates will accelerate exponentially [see Fig. 2(a)]. The growth
rates for the three species stay approximately equal, so from
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FIG. 1. (Color online) (a) We consider a system of three species
with cyclic interactions. Species 1 overgrows species 2, which
overgrows species 3, which overgrows species 1. Individuals grow
at different rates. The mean growth rate for species 1, 2, and 3
are denoted v1, v2, and v3. (b) When species 1 grows faster than
2 and 3, species 3 will be more abundant than species 1 and 2. Here
v2 = v3 = v1/5. (c) When all species grow at the same mean rate,
they will be equally abundant. Members of the same species will
self-organize to form clusters on the lattice.

Eq. (2) the species will remain equally abundant, as observed
in Fig. 2(b).

When both species 1 and 2 are allowed to mutate,
both their growth rates appear to accelerate linearly. Thus,
from Eq. (2), species 1 and 3 will continue to grow while
species 2 decreases hyperbolically in size until it goes exctint

[see Figs. 2(c) and 2(d)]. After this, species 1 will quickly
be overgrown by species 3, so only the nonmutating species
is left. Due to the hyperbolic decrease in the abundance of
species 2, the time before biodiversity is lost grows drastically
with the size of the system.

When only species 1 is allowed to mutate, it will evolve
to a certain mean growth rate v1 = (2.4 ± 0.1)v2. At the same
time, species 3 will grow in size to p3 = (2.6 ± 0.1)p1, while
the relative sizes of species 1 and 2 will remain about equal
[see Figs. 2(e) and 2(f)]. The reason why v1/v2 differs from
p3/p1 is that the mean-field approximation (2) is not perfect.
For larger system sizes the same mean growth rates are
observed, but with a smaller variance.

Interestingly, biodiversity is maintained in our system when
either one or three species are allowed to mutate, but not if two
species are.

From (2) we get that the difference in growth rate between
the fastest and the slowest species must stay bounded in
order for the system to be stable. If not, the predator of the
slowest species will decrease in size until it goes extinct.
We therefore investigate the relative acceleration 1

v1

dv1
dt

of
the fastest species in the system. This is done by measuring
how often a faster-growing mutant survives and, therefore,
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FIG. 2. (Color online) (a), (b)
When all species mutate at the
same rate, their growth rates will
increase exponentially. They will,
therefore, stay equally abundant. (c),
(d) When only species 1 and 2
are allowed to mutate, their growth
rates will steadily accelerate relative
to species 3. Thus species 2 will
become scarcer on the lattice, until it
dies out quickly followed by species
1. Simulations are carried out on a
1000 × 1000 lattice to better show
the hyperbolic decline of species
2. (e), (f) When only species 1 is
allowed to mutate, it accelerates to
a growth rate fluctuating around 2.4
times faster than species 2 and 3.
Consequently, species 3 grows to
become 2.6 times more abundant
than species 1 and 2.
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FIG. 3. (Color online) (a) Acceleration in growth rate is pro-
portional to the γ squared. Thus the evolution of species in cyclic
competition communities will be dominated by big leaps in growth
rate. (b) When all species are allowed to mutate, all species having
equal growth rate is a stable fixed point of the dynamics. If species
1 is growing faster than 2 and 3, faster mutants of species 1 will
die out more frequently, thereby decreasing the growth rate. (c) The
relative acceleration in growth rate 1

v1

dv1
dt

as a function of the relative
velocities v1/v2 and v1/v3. When all species grow at the same rate,
their growth rates will all accelerate. If a species is growing at a
much higher rate than the two others, slower mutants will have better
survival chances than faster mutants, thereby decreasing the growth
rate. Arrows indicate the flow of the system, when only one species
is allowed to mutate. The thick line marks the theoretically optimal
speed of species 1, given by Eq. (5). It is seen to agree well with
observations for v2 ≈ v3.

contributes to the total growth rate of the species. Naturally,
this acceleration is proportional to the probability of mutation
pmutate, when this is small. More surprisingly, the acceleration
is proportional to the square of γ [see Fig. 3(a)]. This is
due to the fact that both the survival chances of a mutant and
the corresponding increase in growth rate are proportional to
γ . The implications are that, for an ecological system where
mutations of a broad range of magnitudes are expected to
occur, the evolution of species will be dominated by big leaps.
Small evolutionary improvements in fitness will most likely
come to nothing.

In Fig. 3(c), the relative acceleration of the fastest species
is plotted as a function of the relative growth rates v1/v2 and
v1/v3. These have been found by monitoring how often fast
mutants will succeed in outcompeting the species of growth
rate v1, compared to slow mutants. Each point is an average
over the introduction of a minimum of 80 000 mutants. It
is seen that when the relative growth rates are large, the
fastest species will decelerate. This is due to the better survival
chances of the slow mutants decreasing the growth rate of the

species and promoting biodiversity. Multiplying all growth
rates by a constant factor corresponds to changing the time
scales, so the functional form of the figure is independent of
the absolute magnitudes of the growth rates.

When all three species are allowed to mutate, their growth
rates will remain equal to each other. If a species becomes
faster than the others, its acceleration will decrease, allowing
the others to catch up [see Figs. 3(b) and 3(c)]. This constant
increase in relative growth rate explains the exponential
acceleration in Fig. 2(a).

The case of two species mutating at the same rate corre-
sponds in Fig. 3(c) to one species moving along the horizontal
line v1/v2 = 1 and the other moving along the vertical line
v1/v3 = 1. Along both lines, the acceleration is positive, so
the system will mutate to extinction as seen in Fig. 2(c). If one
of the mutating species becomes faster than the other, it will
decrease its acceleration, thus allowing the other to catch up.

Letting only one species mutate corresponds to moving
along the line v1/v2 = v1/v3 in Fig. 3(c) until the acceleration
becomes zero at a value just below 2.5, as indicated by the
arrows. This explains Fig. 2(e).

IV. MECHANISM FOR DECELERATION

As demonstrated, the deceleration resulting from large
relative growth rates is crucial for maintaining biodiversity.
Using a simple, one-dimensional argument, we now derive a
relation for the relative growth rates at steady state.

Locally, a faster mutant will always have a competitive
advantage over a slower mutant. However, mutants of different
growth rates will have a tendency to separate spatially on the
lattice [11]. The faster mutants are then at risk of exhausting
their neighborhood of prey, leaving it in an isolated cluster
surrounded by predators [see Figs. 4(a)–4(c)]. To avoid this,
the fastest species should allow time for its prey to grow
through its predator, connecting it to a new cluster of prey
[see Figs. 4(d)–4(f)]. At the optimal growth rate, a species will
grow through a typical cluster of prey just when this becomes
connected to a new cluster of prey.

Since the abundances of the three species are given by
Eq. (1), one can expect the typical cluster sizes to scale like

(λ1,λ2,λ3) ∝ (
√

v2,
√

v3,
√

v1). (3)

Imagine typical clusters of species 1, 2, 3, and 2 arranged
on a one-dimensional line [see Fig. 4(g)]. As time passes, the
two clusters of species 2 will overgrow species 3 at rate v2. If
species 1 is to overgrow the neighboring cluster of species 2
at the exact time when this becomes connected to the second
cluster, we must have

1

v1

(√
v3 +

√
v1

2

)
= 1

v2

√
v1

2
⇔ (4)

v1

v2
= 1 + 2

(
v1

v3

)−1/2

. (5)

When v2 = v3, this has the solution v1/v2 = v1/v3 = 2.3,
which is in excellent agreement with the value of 2.4 ± 0.1
found in Fig. 2(e). In Fig. 3(c) the contour line of zero
acceleration is seen to agree well with (5) when v2 ≈ v3.
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FIG. 4. (Color online) (a)–(c) Typical situation when species 1 is
five times faster than species 2 and 3. Species 1 invades a cluster of
species 2 and quickly overgrows it all, leaving it surrounded by its
predator, species 3. (d)–(f) Typical situation when species 1 is 2.4
times faster than species 2 and 3. Before species 1 has overgrown
all of species 2, this has grown through species 3 to connect to a
new cluster of 2. (g) Clusters of species 1, 2, 3, and 2 arranged on a
line. In the space-time diagram species 1 grows with slope 1/v1 and
species 2 grows with slope 1/v2. A typical cluster length of species 2
is λ2 ∝ √

v3 and for species 3 it is λ3 ∝ √
v1. The optimal speed for

species 1 follows by demanding that a typical cluster of species 2 is
overgrown just when it connects to a new cluster of species 2.

The discrepancies for v2 � v3 and v2 � v3 arise because the
cluster structures of species 2 and 3 disappear in these limits,
which negates (3) allowing species 1 to survive.

V. DISCUSSION

Our results explain quantitatively how communities of
primitive organisms, such as bacteria and plants, in cyclic
competition can evolve to a state with moderate consumption
of a limited resource. Even though individuals would get a
competitive advantage by growing fast, groups of fast growing
individuals locally deplete their prey. Since individuals grow-
ing at different rates have a tendency to separate spatially,
this group selection will favor moderate growth rates. Thus
the growth rate will be limited by the condition that clusters
of prey should connect to other clusters of prey before being
completely overgrown.

The spatial structure of the system is crucial for the group
selection. In a well-mixed system the species will start a race
to extinction. In a locally structured system, such as a Petri
dish or the ocean bed, biodiversity can be maintained if one
or all of the species are allowed to mutate. If two species are
allowed to mutate, they will increase their growth rate until
the system becomes unstable. This interesting result has not
previously been reported.

If all species are allowed to mutate, but at different
rates, the species with highest mutation rate will typically
become eliminated after a long transient dynamics where all
species increase their growth rates enormously. In practice this
drastic increase in growth rates will be limited by metabolic
constraints. Therefore, also systems with multiple evolving
species should be stabilized before collapse. In conclusion,
our results emphasize the importance of modesty in growth, as
well as modesty in the ability to evolve toward larger growth
rates. In particular, in the case of cyclic competition our results
quantitatively explain how groups of primitive organisms may
self-organize to a state of sustainable development, preventing
the tragedy of the commons.
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Abstract

DNA damages, as well as mutations, increase with age. It is believed that these result from increased genotoxic stress and
decreased capacity for DNA repair. The two causes are not independent, DNA damage can, for example, through mutations,
compromise the capacity for DNA repair, which in turn increases the amount of unrepaired DNA damage. Despite this
vicious circle, we ask, can cells maintain a high DNA repair capacity for some time or is repair capacity bound to
continuously decline with age? We here present a simple mathematical model for ageing in multicellular systems where
cells subjected to DNA damage can undergo full repair, go apoptotic, or accumulate mutations thus reducing DNA repair
capacity. Our model predicts that at the tissue level repair rate does not continuously decline with age, but instead has a
characteristic extended period of high and non-declining DNA repair capacity, followed by a rapid decline. Furthermore, the
time of high functionality increases, and consequently slows down the ageing process, if the DNA repair mechanism itself is
vulnerable to DNA damages. Although counterintuitive at first glance, a fragile repair mechanism allows for a faster removal
of compromised cells, thus freeing the space for healthy peers. This finding might be a first step toward understanding why
a mutation in single DNA repair protein (e.g. Wrn or Blm) is not buffered by other repair proteins and therefore, leads to
severe ageing disorders.
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Introduction

In humans, ageing is associated with the gradual deterioration

of physiological functions, – blood vessels become less flexible,

bones turn brittle, muscle mass is lost, and the immune system

becomes more vulnerable to infections.

At the cellular level, ageing is thought to be caused, at least in

part, by the accumulation of unrepaired damage to mitochondrial

or nuclear DNA [1–3]. Damage can be induced by intrinsic

factors, such as reactive oxygen species, or have an external cause,

such as exposure to UV-light or toxic chemicals [4].

At the organism level the relevant time scale for ageing is that

of a human life. In slowly proliferating cells, such as neurons or

bone cells with lifespans well over 30 years, ageing can be

contributed to the accumulation of damage in individual cells. For

highly proliferating cells with typical lifespans of a few days [5],

unrepaired DNA damage causes cell cycle arrest and consequently

apoptosis. Erroneously repaired DNA damage can result in a

mutation and in highly proliferating cells the mutation is passed

down through the lineage until the cell line reaches the Hayflick

limit. The Hayflick limit can be estimated to around 50 cell

divisions, corresponding to a few years [6,7]. After this, all

information of the mutation is lost.

In fast turnover tissue, ageing can therefore not be a direct

consequence of DNA damage accumulated in individual cells or

mutations transmitted through the lineage of cells. As the capacity

for regeneration and renewal of tissue is dependent on the

population of somatic stem cells, which have much longer lifespans

[8,9], ageing in highly proliferating cells can be explained by the

progressive decline of stem cell function. The decline of stem cell

function in responds cell homeostasis has previously been

mathematically modelled by Wodarz [10].

Somatic stem cells are kept in a low-activity quiescent state to

minimize the use of ATP and thereby reduce the production of

reactive oxidative species. When cell renewal is needed to

maintain homeostasis, stem cells move from the quiescent state

into a proliferating state, where the risk of acquiring DNA

damage increases [11,12]. Hence, the longer proliferating cells can

maintain a level of functionality comparable to that of a young

organism without requiring renewal from the stem cell pool, the

slower the decline of the stem cell pool will be, which, in turn, will

slow down ageing of the organism.

One of the cell functions that has been observed to have a great

impact on ageing is the ability to repair DNA damage. Several

diseases that compromise this ability are associated with mutations

in DNA repair proteins and show symptoms of premature ageing.

Such diseases include Werner syndrome, ataxia telangiectasia, and

Bloom syndrome [13,14]. Interestingly, it has also been shown in

several organisms that the capacity of DNA repair declines with

age [15] and that the mutation frequency increases with age [16].

In this work we focus on DNA damage leading to mutations

that impair the ability to repair future genotoxic damage. We

introduce a simple model to investigate how a population of highly

proliferating cells exposed to genotoxic damage may maintain a

high function without renewal from the stem cell pool.
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In our model, cells continually acquire DNA damage. The

result of the damage is modeled by three possible outcomes: a)

repair, b) apoptosis and c) mutation. For simplicity we choose not

to model the senescence or the influx of new cells from the stem

cell pool explicitly. However, these are considered implicitly by

monitoring the number of cell replications and the total number of

cells at any point in time. Regarding the three outcomes a few

remarks are in order: a) The rate of repair, R, is specific to each

cell, but all cells are initiated with the same rate R0. b) If the cell is

unable to fully repair the damage, it has a probability a of going

apoptotic. In case of apoptosis, another cell divides to keep the

total number of cells constant and the daughter cells inherit the

repair rate of the parent cell. c) If the damage is not fully repaired

and the cell does not go apoptotic a mutation occurs impairing the

ability of the cell to repair future genotoxic damage by reducing

the repair rate to R{D. The parameter D can be interpreted as

the fragility of the DNA repair mechanism. If D is large, cells with

unrepaired DNA damage will have a greatly reduced ability to

repair future genotoxic damage (see figure 1 and Methods).

Results

The average repair rate of the system, SRT, starts out at the

maximum value R0 and then decreases as cells accumulate

mutations. Since mutations are irreversible, the repair rate of each

cell will inevitably drop to zero. However, a temporary steady state

exists where the repair rate of the system fluctuates around an

average value of R�: In this state, the average repair rate is

maintained because cells with a low repair rate are more likely to

go apoptotic and be replaced by cells with a higher repair rate (see

figure 2). The system will leave the temporary steady state after a time t,
at which point the average rate of repair drops drastically. Thus, t
can be interpreted as the time after which introduction of new cells

from the stem cell pool is needed to sustain a high rate of repair.

Since the stem cell pool accumulates less damage (and conse-

quently mutations) when the rate of proliferation for stem cells is

reduced, a large t corresponds to a slower ageing of the organism

[17,18].

When the initial rate of repair R0 is high, both the steady state

rate of repair R� and the time spent in this state t increases (see

figure 3). Since new, undamaged tissue is produced by somatic

stem cells, the initial rate of repair can be thought of as the repair

rate of these cells. Thus, the repair rate of stem cells is not only

important for avoiding DNA damage in the stem cell pool, but also

for retaining a high level of function in tissue cells.

This result is interesting from the perspective of tissue specific

DNA repair capacity. There are several studies showing that the

repair capacity in testis nuclei and mitochondria are higher than in

any other tissue. This could be explained by the high expression

level, in the testes, of many DNA repair genes. [1,19,20]. Our

results predict that the higher repair capacity of this tissue would

minimize the load on the stem cell pool.

A high rate of apoptotis, a, decreases the risk of accumulating

damage and, therefore, also increases both R� and t (see figure 3).

Surprisingly, increasing the rate of apoptisis does not cause more

cells to go apoptotic in the system. The increase in the average rate

of repair in the steady state precisely balances out the increased

risk of apoptosis when the repair fails. Hence, a higher apoptosis

rate does not increase the rate of cell divisions needed to maintain

homeostasis. Consequently, the Hayflick limit in the tissue is not

reached faster for a higher apoptosis rate.

When the fragility of the repair mechanism, D, is high, cells with

unrepaired DNA damage will be more likely to go apoptotic when

exposed to further DNA damage. This allows the system to

Figure 1. When a cell acquires DNA damage, it may respond in
one of three ways: i) Complete repair of the damage with
probability R, ii) Apoptosis with probability (1{R)a, in which
case another cell divides to keep the number of cells constant,
iii) Accumulation of the damage through a mutation, reducing
the rate of repair toR”D:
doi:10.1371/journal.pone.0036018.g001

Figure 2. The average repair rate of the system drops as cells
irreversibly accumulate mutations. Since cells with a low rate of
repair are more likely to go apoptotic, a temporary steady state exists
where the repair rate of the system fluctuates around an average value
of R�: The length of time, t, before the system leaves this temporary
state increases drastically with the size N of the system. If t is large, a
high rate of repair may be maintained without renewal from the stem
cell pool, and consequently the organism ages more slowly. The
simulation is carried out with parameters R0~0:99, a~0:05,
D~0:0056: The median of 20 simulation runs is showed.
doi:10.1371/journal.pone.0036018.g002
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maintain a high rate of repair longer, the more fragile the DNA

repair mechanism is to DNA damages (see figure 3).

In a well mixed system, the time t increases fast with the

number of cells N. In a 2 or 3 dimensional system, where apoptotic

cells can only be replaced by neighbouring cells dividing, the time

t increases linearly with increasing N (see figure 3b). Hence, for

cells that are spatially structured such as skin or organ tissue,

renewal from the stem cell pool per cell is constant regardless of

system size. For a well mixed system, such as the circulatory

system, our model suggests a cooperativity between dividing cells

(e.g. lymphocytes) that allows large systems to sustain a high rate of

repair without increased renewal from the stem cell pool.

Theoretical Analysis
In this section, we investigate the model analytically in order to

find the configuration of the temporary steady state for the well

mixed system where all cells are neighbours.

The state of the system can be characterized by the number of

times i each cell has accumulated DNA damage. We therefore

consider a number of cells Ni with a repair rate of Ri~R0{iD: Ni

will decrease when the cells fail to repair after being exposed to

DNA damage. Conversely, Ni will increase when these cells

replicate after another cell has gone apoptotic, which will happen

at rate (1{R�)a: Cells with iw0 mutations will, in addition,

increase in numbers when cells of repair rate Ri{1 mutate one

more time. These considerations lead to the dynamical equations

of the system.

_NN0~(1{R�)aN0{(1{R0)N0 ð1Þ

_NNi~(1{R�)aNi{(1{Ri)Ni z 1{Ri{1ð Þ(1{a)Ni{1, ð2Þ

where the dot represents a time derivative and R� is the average

repair rate of the temporary steady state. Demanding that the time

derivatives vanish turns (1) into an expression for the average

repair rate, which can be inserted into (2) to give a recurrence

relation for the temporary steady state.

R�~1{
1{R0

a
ð3Þ

Ni~
1

i

1{R0

D
{1zi

� �
(1{a)Ni{1: ð4Þ

This recurrence relation can be solved to yield a general

expression for the number of cells having accumulated DNA

damage i times.

Ni~N0(1{a)i
1{R0

D {1zi

i

 !
, ð5Þ

where the last factor is a binomial coefficient and N0 is both

a normalization factor and the number of undamaged cells,

which is seen by setting i~0: The expression (5) can be verified

by insertion into (4) using the identity for binomial factors

n

m

� �
~

n

m

n{1

m{1

� �
.

Summing all Ni should give the total number of cells in the

system N, which leads us to an expression for the normalization

factor

N0~Na
1{R0

D : ð6Þ

Notice that we here have summed over all i and not truncated the

sum at i~R0=D after which the repair rate becomes negative.

However, for small D, states with iwR0=D contain virtually no

cells (see figure 4a).

We can confirm that a steady state exists by showing that the

average repair rate of the system R�~
P

i NiRi is in fact given by

(3). Figure 4 shows the steady state distribution (5), as well as the

development of the distribution over time, for 5000 cells and with

the same set of parameters as the simulation in figure 2. The

steady state mean repair rate (3) is in perfect agreement with

simulations for the well mixed system. In spatially structured

systems R� takes a lower value.

We are interested in finding the average lifetime StCT of cells in

the well mixed system. That is, the number of time steps the

average cell has gone through at the time it goes apoptotic. At each

time step an average cell has the probability (1{R�)a of going

Figure 3. a) The time t spent in steady state increases with the
initial repair rate R0, rate of apoptosis a, and fragility of
the repair mechanism D. (Parameters that are not varied
are set to the values given in the caption of figure 2) b)
For the well mixed system, the time spent at steady
state, t, increases drastically with system size N. For
spatially structured systems the increase is linear.
(Parameters used: R0~0:99, a~0:05, D2dimension,Wellmixed~
0:01, D3dimension~0:008), N~5000:
doi:10.1371/journal.pone.0036018.g003
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apoptotic. Thus, the average cells will be alive for

StCT~
1

a(1{R�)
~

1

1{R0
: ð7Þ

Notice that the average lifetime is depends on the initial repair rate

R0, meaning that increasing the rate of apoptosis a does not

increase the number of cells going apoptotic in the system, which

agrees with simulations.

It can be shown that the steady state is attractive: Introducing

the pertubation Ni?Nizd in (2) leads to _NNi? _NNi{d(R0{Ri),
which will tend to reduce the pertubation. However, due to the

finite size of the system, the number of cells that have accumulated

damage i times will fluctuate stochastically around the distribution

(5). For undamaged cells, the temporary steady state is marginally

stable to first order. If the number of undamaged cells randomly

fluctuates down to zero, new undamaged cells can never be

reintroduced, since this would require renewal from the stem cell

pool. Thus, the time t the system spends in the temporary steady

state can be understood as the time passing before random

fluctuations cause the number of undamaged cells to go to zero.

After this, a new steady state with a lower maximum repair rate

can be found, corresponding to the substitution R0?R0{D in (5).

But from figure 2a we see that this steady state will be even more

unstable than the previous. Therefore, the system quickly evolves

to a state where all cells have accumulated the maximum amount

of DNA damage in accordance with figure 2. If the temporary

steady state contains a high number of undamaged cells, the

relative fluctuations of these will be small, such that it becomes less

likely that this number fluctuates down to zero. That is, if N0 is

high, the time spent in the steady state t increases drastically.

From (6) we see that N0 increases with both R0,a, D, and N, which

explains figure (3 a).

Discussion

Ageing in fast turnover tissue of a multicellular organism can be

seen as the progressive deterioration of cell function caused by

wear and tear on somatic stem cells. Therefore, tissue that can

maintain its function for a long time without renewal from stem

cells will have a slower ageing process. The capability to repair

DNA damage, preventing the formation of mutations that can be

passed down through the lineage of cells, is strongly linked to both

ageing and cancer [4]. We have introduced a simple model to

investigate how mutations that compromise DNA repair capacity

in single cells affect a whole tissue.

The model in its present form captures two important

experimental observations, namely the decreased repair rate and

increased mutation frequency with age [15]. It further suggests

that simply by imposing the condition for tissue homeostasis – that

every dying cell is replaced by a dividing neighbour cell –

mutations that impair the repair mechanism are rapidly removed

from the cell population such that a high repair capability is

maintained at the tissue level.

There are two interesting and non-intuitive predictions resulting

form our model. First, the model predicts that an initial rapid

decline in repair capacity should be followed by a rather long

period of persistently high repair capacity R*. In this temporary

steady state, the average number of mutations to genes coding for

DNA repair should remain approximately constant. Remarkably

the experimental studies on mutation frequencies in mice by

Busuttil et al., [16] seem to suggest similar temporal behavior: the

initial rapid increase in mutation frequencies (young mice) is

followed by constant or nearly constant mutation frequencies

(older mice).

Second, this time-span of this high repair capacity is higher

when repair mechanism is fragile. Thus, the ageing of the

organism will slow down, if mutation inflicted by DNA damage

greatly decreases the capability to repair future DNA damage.

Such a fragile DNA repair machinery would allow for quick

removal of cells with compromised DNA repair, leaving space for

healthier cells to fill in the gaps. This result is closely related to the

recent observations by Baker et al [21], where removal of

senescent cells was shown to delay tissue dysfunction and slow

down ageing.

The time that the high repair capacity at the tissue level can

be self-sustained for increases drastically with system size in a

well mixed system. Furthermore, the time increases with the

initial capability to repair DNA damage, the rate of apoptosis,

and the fragility of the repair mechanism. Thus, if mutations

inflicted by DNA damage greatly decreases the capability to

repair future DNA damage, this will slow down ageing of the

organism. Such a fragile DNA repair machinery would allow

for quick removal of cells with compromised DNA repair,

Figure 4. a) The theoretically predicted distributions of repair rates in
the well mixed systems, given by (5), is seen to agree well with the
actual distribution during the temporary steady state. b) The
distribution of repair rates as a function of time. (All parameters are
set to the values given in the caption of figure 2.)
doi:10.1371/journal.pone.0036018.g004
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leaving space for healthier cells to fill in the gaps. This result is

closely related to the recent observations by Baker et al [21],

where removal of senescent cells was shown to delay tissue

dysfunction and slow down ageing.

Our model further predicts that: The size, initial capability to

repair DNA damage, the rate of apoptosis, are all increasing the

average time the repair capability can be sustained for. This time

also depends on the tissue configuration – the closer the tissue is to

the conditions of a well mixed system, the longer the duration of

high repair capacity is.This implies that cells may ‘‘coorperate’’ in

keeping a high function, and that a 3-dimensional tissue, such as

organs, may need a smaller influx of stem cells than 2-dimensional

tissue, such as skin.

We find that the average lifetime of cells in the model is

independent of the rate at which damaged cells go apoptotic. It

should be noted that, since our model only takes into account

damages to the parts of the DNA involved in the DNA repair

mechanism, the model is not able to distinguish a successful repair

from damage to the genome that does not, directly or indirectly,

influence DNA repair pathways. If the rate of apoptosis is

increased when damages occur in other parts of the DNA, the

average lifetime of cells will be decreased. It is still an open

question to what extent apoptosis affects the process of normal

ageing [22].

The number of spontaneous DNA damages inflicted in every

cell every day may be as high as 100,000 [23]. However, DNA

damages can also occur during the replication process, leading to

additional mutations not considered in this model. Apart from

accumulation of DNA damages, tissue deterioration is associated

with an increase in the amount of senescent cells in the organism.

That is, the number of cells which, after reaching their Hayflick

limit, go into permanent cell cycle arrest [17]. Also, the

mechanisms of ageing and the defence mechanisms against cancer

are highly interconnected [4]. Incorporating replication damages,

senescence, and cancer into the model may provide new

knowledge of the development of ageing and the connection

between ageing and cancer.

Methods

In each time step of the model, a random cell out of N acquires

a DNA damage. The cell can react in three ways: (i) The damage

can be fully repaired with probability R. The repair rate R is

specific to the individual cell. (ii) If the cell is unable to repair the

damage, it can go apoptotic with probability a. In this case another

cell divides to replace it, keeping the total number of cells constant.

(iii) Else, the cell accumulates the damage through a mutation in

the DNA, reducing its ability to repair future genotoxic damage

from R to R{D:
When a cell divides to take the place of a cell that has gone

apoptotic, the daughter cell inherits the repair rate from the parent

cell. When investigating 2 or 3 dimensional systems, the cells are

located on a square lattice and apoptotic cells can only be replaced

by neighbouring cells dividing.

All cells are initiated with the same repair rate R0. The

parameter D can be interpreted as the fragility of the DNA repair

mechanism. If D is large, cells with unrepaired DNA damage will

have a greatly reduced ability to repair future genotoxic damage.
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Noisy transcription factor NF-κB oscillations stabilize and sensitize cytokine signaling in space
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NF-κB is a major transcription factor mediating inflammatory response. In response to a pro-inflammatory
stimulus, it exhibits a characteristic response—a pulse followed by noisy oscillations in concentrations of
considerably smaller amplitude. NF-κB is an important mediator of cellular communication, as it is both activated
by and upregulates production of cytokines, signals used by white blood cells to find the source of inflammation.
While the oscillatory dynamics of NF-κB has been extensively investigated both experimentally and theoretically,
the role of the noise and the lower secondary amplitude has not been addressed. We use a cellular automaton
model to address these issues in the context of spatially distributed communicating cells. We find that noisy
secondary oscillations stabilize concentric wave patterns, thus improving signal quality. Furthermore, both lower
secondary amplitude as well as noise in the oscillation period might be working against chronic inflammation, the
state of self-sustained and stimulus-independent excitations. Our findings suggest that the characteristic irregular
secondary oscillations of lower amplitude are not accidental. On the contrary, they might have evolved to increase
robustness of the inflammatory response and the system’s ability to return to a pre-stimulated state.

DOI: 10.1103/PhysRevE.87.022702 PACS number(s): 87.18.Hf, 87.18.Tt, 89.75.−k

I. INTRODUCTION

The regulatory network of NF-κB is an important con-
stituent of the immune system as it regulates hundreds of
genes in response to extracellular stimuli such as pathogens,
cytokines, and stress [1,2]. These responses include apoptosis,
cell proliferation, and inflammatory response [1,3].

During inflammatory response, the NF-κB network is
activated by an increase in extracellular concentration of
cytokines; small signaling molecules commonly used in inter-
cellular communication. Once activated, NF-κB up-regulates
the cells’ own cytokine production, thereby amplifying the
external signal and passing it to the neighboring cells [4,5]
either by diffusion or through gap junctions—channels formed
by physically interacting cells [5].

When passing the signal from one cell to the next in
this manner, the tissue acts as an excitable medium. Recent
theoretical research has shown that propagating elevated
cytokine concentrations as waves through this “excitable
tissue” might represent an optimal way of passing the signal
to the blood vessels, where the cytokines are absorbed [6,7].
Neutrophils (white blood cells), similarly to Dyctiostelium
D., are able to detect temporal pulses of chemoattractant and
move against them [8]. It was proposed that, similarly to
Dyctiostelium D., they will move against the chemoattracting
cytokine waves toward the wave center, in order to contain the
cause of the infection [7,9].

Single-cell measurements [4,10] and modeling approaches
[11,12] revealed that the concentration of active NF-κB
oscillates with an initial high-amplitude peak and several
consecutive lower amplitude peaks. The experiments also
revealed a considerable amount of noise in this response, and
simulations suggest that the noise is in fact induced by an
inherent component of the network [13–16]. The effect of noise
on the wave propagation of cytokines through the tissue has
not yet been elucidated, but the presence of a noise-inducing

*These authors contributed equally to this work.

component suggests that the noise itself may play a key role
in the immune response. This has motivated us to ask the
following questions: How does noise affect wave propagation?
Is the system equally sensitive to irregularities in the period of
oscillations as to irregularities in the refractory period? Does
noise contribute to the onset of chronic inflammation—the
state where waves are self-sustained and do not depend on
stimulus?

II. THE MODEL

The tissue is modeled as an excitable media using a
parallel cellular automaton, an algorithm frequently used
as a mathematical idealization of biological self-organizing
systems [17–21]. Our model comprises 101 × 101 cells placed
on a square grid. All cells are initially inactive, but once
activated by their neighboring cells they start producing
cytokines in an irregularly oscillating fashion with an initial
high peak followed by several lower peaks [see Fig. 1(a)].
The amplitude of the initial peak is normalized to 1 and the
mean oscillation period is estimated from current literature to
be 100 min [13], corresponding to 12 time steps in the model.
The amplitude A of all secondary peaks and the relative size
ηo of the Gaussian noise in the oscillation period are kept as
free parameters but retained similar to values experimentally
measured in nuclear NF-κB.

A cell is activated if the combined cytokine production of
its eight nearest neighbors, the Moore neighborhood, exceeds
an arbitrary threshold θ = 3. That is, a cell can be activated
if three of its neighbors are in their first peak of cytokine
production, or if, e.g., two neighbors are in their first peak and
1/A other neighbors are in a secondary peak. When a cell is
activated, it enters a refractory period in which it is completely
unresponsive to the local cytokine concentration and will
produce cytokines at its own pace. The mean refractory period
is estimated from current literature to be 200 min [22], but here
is also added a Gaussian noise of relative size ηr , kept as a free
parameter. Once out of the refractory period, the cell becomes
susceptible to input signals again, and if the local cytokine
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FIG. 1. (Color online) (a) The oscillatory cytokine production of a
single cell subject to constant stimulation. The amplitude of the initial
peak is normalized to 1 while all secondary peaks have amplitude A.
When the cell leaves the refractory period, it is here immediately
re-excited to its initial peak. (b)–(e) Wave propagation in an ideal
system without any noise. (f)–(i) Wave propagation with ηo = 40%
noise in the oscillation period and no noise in the refractory period
(ηr = 0). (j)–(m) The system with no noise in the oscillation period,
ηo = 0, but ηr = 10% noise in the refractory period. The secondary
amplitude is A = 0.25 in all panels (a)–(m). In the time series (f)–(i)
and (j)–(m), snapshots are taken at t = 20, 60, 100, and 200 h. We
see that both kinds of noise gradually generate spirals of active cells,
which may mislead neutrophils and cause chronic inflammation.

concentration should rise above the threshold, the cell will
reinitiate the cytokine production, responding with the initial
high peak followed by several low peaks [see Fig. 1(a)].

A stimulus of 3 × 3 constantly excited cells in the middle
of the grid was added to act as a pathogen and initiate a train
of cytokine waves propagating through the tissue.

III. RESULTS

An example of the effect of noise in the wave propagation
is shown in Fig. 1. Here, noise is added to the period of os-
cillations [Figs. 1(f)–1(i)] and to the duration of the refractory
period [Figs. 1(j)–1(m)]. The addition of noise has two bio-
logically interesting effects on the system: a higher secondary
amplitude that renders the system more robust to noise and
self-sustained excitations resembling chronic inflammation

A. Robustness to noise

In order to destroy or contain pathogens, the neutrophils
need a distinct concentration gradient to follow to the site of
infection. Adding a sufficient amount of noise to the period
of oscillations and/or to the length of the refractory period of
each cell causes the propagating waves to disintegrate or to

lose their radial gradient. Biologically, this may compromise
the effectiveness of the inflammatory response.

The time it takes the system to lose its wave structure—the
characteristic time for breakdown—depends on the amount of
noise in the system. In order to examine the characteristic time
for breakdown, the state of the system over time is compared
to the state of the system the first time the waves fill the entire
grid. This is achieved by calculating the Pearson correlation
coefficient between the one grid in the time series in which the
first wave front reaches the edges of the grid g1 and the grid in
all later time steps gt :

C1,t =
〈
g1 − 〈g1〉

σ1
· gt − 〈gt 〉

σt

〉
. (1)

Angle brackets denote spatial average and σ denotes spatial
standard deviation. The correlation coefficients are plotted as
a function of time in Figs. 2(a) and 2(b). The correlation
coefficients decay due to noise destroying the waves. The
previously mentioned characteristic time for breakdown is
defined as the last time step in which the correlation coefficient
between g1 and gt is more than 0.25 [see Figs. 2(a) and 2(b)].
The exact value of this threshold is not essential for the main
results, as long as it is low enough to allow for some irregularity
in wave patterns.

The correlation method allows us to investigate the char-
acteristic time for breakdown as a function of noise in the
period of the oscillations and noise in the refractory period.
Interestingly, the secondary amplitude A has a significant
effect on the system’s ability to sustain wave propagation. As
is seen in Figs. 2(c)–2(e), the parameter range with stable wave
patterns increases with increasing secondary amplitude. Thus,
high secondary amplitude makes the system more robust to
noise. One possible explanation for this is that the secondary
waves might help straighten up the lagging sections of the
major wavefronts by increasing the cytokine concentration at
the inflection points and effectively accelerating them. Since
lagging cells can get excited by having, e.g., two neighbors
in primary peak and 1/A neighbors in a secondary peak, a
high secondary amplitude will lead to a larger acceleration.
There is, however, an upper limit to the secondary amplitude:
Waves should only originate from the central stimulus, so
the combined secondary amplitudes from the eight nearest
neighbors of a cell should never exceed the activation threshold
θ = 3. That is, if the amplitude of secondary oscillations is
larger than θ/8, cells have a possibility of getting activated by
the secondary oscillations of its neighbors. This could happen
anywhere in the tissue, not just close to a stimulus, causing an
inflammatory response from healthy tissue leading to chronic
inflammation. Although this upper limit on the secondary
amplitude is unknown for living cells, it is interesting to
note that the experimentally observed secondary amplitude is
significantly smaller than the initial peak, with the secondary
amplitude being about 20% of the first peak [13]!

B. Self-sustained excitations

To further address the issue of chronic inflammation, we
tried removing the stimulus after 120 periods of oscillations,
corresponding to 200 h. If this eliminated the cytokine
production, such that no cell in the tissue was re-excited to its
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FIG. 2. (Color online) (a) and (b) Correlation between the first wave-filled grid, g1, and all later grids, gt , as a function of time in hours,
illustrating how the characteristic time for breakdown is found. The horizontal line corresponds to the correlation threshold of 0.25. Panel
(a) shows correlations of a system with little noise that is able to sustain waves with parameters A = 0.25, ηo = 0.02%, and ηr = 0.01%.
Panel (b) shows correlations of a system with sufficient noise to break the waves with parameters A = 0.25, ηo = 0% and ηr = 0.05%. (c)–(e)
Characteristic time for breakdown as a function of noise levels in the period of oscillations and in the length of refractory period for different
secondary amplitudes. The secondary amplitudes in panels (c)–(e) are 0.15, 0.25, and 0.35, respectively.

first peak after another 48 periods of oscillations, we defined
the system to be sensitive to the removal of the stimulus. If
not, the system was declared insensitive. A system that is
insensitive to the removal of the stimulus is not able to relax
back to the pre-infected state and is reminiscent of chronic
inflammation.

We found that noise in the oscillation period and/or in the
duration of the refractory period can create stable additional
sources and spirals, which excite the system independently
of the stimulus [see Figs. 3(a)–3(d)]. Thus, noise not only
destroys the radial gradient of the wave pattern, so that
neutrophils will be unable to locate the stimulus, but the system
can become insensitive so that removing the stimulus will not
terminate the inflammatory response.

As the system is particularly sensitive to noise in the
refractory period, we investigate how the insensitivity depends
on the level of refractory noise, ηr . We define the probability
of becoming insensitive to the stimulus, PI , as the fraction out
of 30 runs where the system becomes insensitive.

Interestingly, with no noise in the oscillation period, the
probability to become insensitive is a nonmonotonic function
of refractory noise, as seen in Fig. 3(e). With no noise, the
system is sensitive (PI = 0 at ηr = 0), but a small increase
in noise has a dramatic effect and completely destroys the
sensitivity (PI ≈ 1 when ηr = 0.01). At this small noise level,
the insensitivity is caused by a double spiral very close to
the center, where the stimulus once was, as seen in Figs. 3(a)
and 3(b). To sustain this double spiral, the previous wavefront
repeatedly excites the central cells through a narrow passage

of cells, as illustrated in Fig. 3(b). If the noise level is increased
further to 0.04 < ηr < 0.1, this signal cannot be transmitted
through the narrow passage, and the probability that the system
is insensitive decreases. This explains the decline in probability
for insensitivity in Fig. 3(e). Increasing noise further, ηr > 0.1
produces spirals in rich numbers everywhere in the tissue, as
shown in Figs. 3(c) and 3(d). These spiral structures are quite
stable and can continue to excite cells on long time scales after
the stimulus has been removed.

To better understand the nonmonotonic behavior of the
systems sensitivity, we have tested the case with larger system
size, which should give a higher chance for spirals to originate
away from the center. As expected, Fig. 3(f) shows that
the onset of permanent insensitivity has been expedited to
lower noise levels, reducing the range of stimulus sensitivity.
Furthermore, adding noise to the oscillation period prevents the
formation of double spirals close to the center, as the cytokine
signal is again prevented from passing through the narrow pas-
sage of Fig. 3(b). As a result, noise in the period of oscillation of
ηo = 10% turns PI into a monotonically increasing function
[see Fig. 3(g)]. This also explains why a small noise in the
oscillation period drastically extends the characteristic time
before breakdown of wave propagation in Figs. 2(d) and 2(e).

IV. DISCUSSION

The inflammatory response is initiated by the NF-κB
regulatory network. The dynamics of the NF-κB response is
very peculiar when measured on a single-cell level. While the
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FIG. 3. (Color online) (a)–(d) Two distinct ways the system can
become insensitive to the stimulus. (a) and (b) For small noise
levels, a double spiral appears close to the removed stimulus. To
sustain this double spiral, the previous wavefront needs to excite the
central cells through a narrow passage. The parameters are A = 0.25,
ηo = 0%, and ηr = 2%. (c) and (d) For larger noise levels spirals
arise in numerous places in the tissue. The parameters are A = 0.25,
ηo = 0%, and ηr = 20%. (e) The probability PI that the noise in
the refractory period causes the system to become insensitive to
removal of the stimulus as a function of noise in the refractory period.
Interestingly, the curve is nonmonotonic. (f) Same as (e) but with a
grid size of 202 × 202 cells instead of 101 × 101. The larger system
size expedites the emergence of stable spirals. (g) Same as (e) but
with a noise in the oscillation period of ηo = 10%, which destabilizes
the double spirals for low noise levels, making the insensitivity curve
monotonic.

oscillatory dynamics of NF-κB in single cells has been the
focus of extensive research [4,13], little attention has been
given to the the role of the lower secondary amplitude and the
noise in the oscillations.

Rather than seeking the single-cell explanations, we have
taken the perspective of spatially distributed cells, which
collectively propagate cytokine signals through the tissue,
thereby recruiting white blood cells from the blood stream
to the site of infection. This approach led us to several
interesting findings: (a) The system is more sensitive to
noise in the refractory period than in the oscillation period.
(b) Moderate noise in the secondary oscillations stabilizes
concentric wave patterns in the presence of noise in the

refractory period. The effect is stronger with higher secondary
amplitude. However, the secondary amplitude should never
be so high that a group of cells in their secondary oscillation
can re-excite a cell to its first peak, as this potentially would
create numerous sources of propagating waves in the system.
This may help to explain why the experimentally observed
secondary amplitude is indeed much smaller (∼20%) than the
initial peak. This prediction can be tested experimentally. The
propagation of waves could be measured in a two-dimensional
(2D) culture of mammalian cells with a fluorescent reporter
fused to NF-kB [4]. In this case, nuclear NF-kB will serve as
a proxy for cytokine production. The secondary amplitude
is controlled by A20, such that higher expression of A20
results in lower amplitude. There already exist cell lines
where the amounts of A20 can be tuned externally [23]. By
combining fluorescent microscopy of a 2D culture of cells
with externally tunable A20, one can test our predictions
that higher amplitude would stabilize wave propagation. (c)
Increasing noise in the refractory period increases the chance
of self-sustained excitations, thus decoupling the excitations
from the original source. This situation is in effect very similar
to chronic inflammation—inflammation which persists and
reoccurs even after the source of damage has been removed
[24]. The system can show a very rich, nonmonotonic behavior
in how it turns insensitive with increasing refractory noise.
Remarkably, noise in secondary oscillations postpones the
onset of insensitivity, thus rendering system more robust to
low noise in the refractory period.

Our findings related to the effect of noise in the refractory
period are not limited to the inflammatory response alone
but are general for other excitable media models. Since all
simulations in this paper are carried out on 2D lattices,
the results can only be expected to apply directly for cell
systems that are approximately two dimensional, such as most
epithelial tissues. For three-dimensional (3D) cell systems,
such as muscle tissue, we still expect secondary oscillations
to stabilize the wave patterns in the presence of noise for the
same reasons as outlined for 2D tissue. Likewise, we expect
that a too high amplitude of the secondary oscillations also
will lead to chronic inflammation in the 3D case, as this still
will allow for re-excitation of cells that only have neighbors
in their secondary peak. One discrepancy we do expect, is
that the probability to become insensitive to stimulus will be
a monotonic function of refractory noise in 3D systems. In
three dimensions, the stable spirals will be replaced by scroll
waves, and it is unlikely that the previous wavefront of a scroll
wave repeatedly will excite the central cells through a narrow
passage of cells as happens in the 2D case.

In conclusion, our investigation shows that both of the
experimentally observed features—the lower amplitude of sec-
ondary oscillations and the noise in the period of oscillations—
are crucial for stabilizing wave patterns as well as maintaining
system sensitivity.
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The spatial rock-paper-scissors ecosystem, where three species interact cyclically, is a model example of how
spatial structure can maintain biodiversity. We here consider such a system for a broad range of interaction
rates. When one species grows very slowly, this species and its prey dominate the system by self-organizing
into a labyrinthine configuration in which the third species propagates. The cluster size distributions of the two
dominating species have heavy tails and the configuration is stabilized through a complex spatial feedback loop.
We introduce a statistical measure that quantifies the amount of clustering in the spatial system by comparison with
its mean-field approximation. Hereby, we are able to quantitatively explain how the labyrinthine configuration
slows down the dynamics and stabilizes the system.

DOI: 10.1103/PhysRevE.87.042702 PACS number(s): 87.23.Kg, 87.23.Cc, 87.18.Hf

I. INTRODUCTION

Spatial migration of species is crucial for the viability of
many ecological systems. As a striking example, crickets are
known to locally deplete their nutritional resources to an extent
where mass migration is the only alternative to cannibalism
[1,2]. Once the crickets have left an area, they cannot return
until the natural resources have been reestablished. Likewise,
deadly viruses and bacteria depend on constantly infecting
new hosts to survive [3–5].

The rock-paper-scissors game has emerged as a paradigm to
describe the impact of spatial structure on biodiversity [6–12].
In this system, three species interact cyclically such that
species 1 can invade species 2, which can invade species 3,
which, in turn, can invade species 1 [see Fig. 1(a)]. Such an
intransitive interaction pattern is very similar to the important
genetic regulatory network the repressilator [13,14] and has
been identified in many ecological systems, among others
in marine benthic systems [15,16], plant systems [17–19],
terrestrial systems [20,21], and microbial systems [22–26]. In
such systems, all species constantly need to migrate spatially
to survive, but they may do this at very different speeds. In
investigations of three strands of Escherichia coli bacteria
with cyclic interactions, it has been shown that biodiversity
cannot be preserved unless spatial structure is imposed by
arranging the bacteria on a Petri dish [6,7,27]. These results
have been reproduced in Monte Carlo simulations [28–32], but
even though many different analytical approaches have been
applied, exactly how spatial structure stabilizes the system is
still an open problem [33–35].

II. MODEL

We study the rock-paper-scissors game on a square lattice
of L × L nodes and periodic boundary conditions. Each node
is occupied by one of the three species 1, 2, or 3 growing at
rates v1, v2, and v3, respectively. In each update a random node
i and a random one of its neighbors j are selected. If i can
invade j according to the cyclic interacting pattern illustrated
in Fig. 1(a), it will do so with a probability equal to vi .

III. RESULTS

When the three species are initiated from a random config-
uration and with equal growth rates, they quickly organize into

a steady state where all species are equally abundant and form
small clusters [see Fig. 1(b)]. If the growth rate of species 3
is increased compared to species 1 and 2, species 2 becomes
more abundant on the lattice and all three species form larger
clusters [see Fig. 1(c)]. This paradoxical behavior, that the
biomass of one species increases proportionally to the growth
rate of its prey, is characteristic for the rock-paper-scissors
system [28,29,36].

Similarly, if the growth rate of species 1 is decreased,
species 3 slowly becomes scarcer until the system eventually
collapses to a state where only the slow species 1 survives
[28,37]. The larger the system size is, the smaller v1 can
be while still maintaining biodiversity. Approaching the limit
v1 → 0, a very large lattice is required in order for species 3
to be viable. In this limit an interesting spatial organization
is observed. Species 3 propagates through the lattice in thin
and broken wave fronts in constant flight from species 2.
In the rest of the system the slowly growing species 1 and
its prey, species 2, are tangled in a complex configuration
with an enormous mutual perimeter. This spatial organization
forms an ever-changing labyrinth of narrow pathways in which
species 3 propagates [see Figs. 1(d)–1(f)]. The more narrow
and twisted the labyrinth becomes, the longer it will take
for species 3 to return to a particular location, which gives
species 1 more time to grow, forming broader pathways. This
complex spatial feedback loop, which is independent of the
choice of boundary conditions, stabilizes the configuration,
and is destroyed if the species are allowed to diffuse or if a
death rate is introduced [38].

Emergence of labyrinthine patterns has previously been
observed in magnetic liquids, confined granular-fluid sys-
tems, and chemical reaction-diffusion systems [39–41]. In a
labyrinthine cluster, points i and j that are close to each other
in terms of geodesic distance dgeo are separated by a long
distance dpath, if one is restricted to only travel only along
the connected component. To characterize how labyrinthine
the spatial organization of a species is, we introduce the local
measure

ξi = max
j∈c.c.(i)

(
dpath(i,j )

dgeo(i,j )

)
, (1)

with the spatial average ξ = 〈ξi〉. Thus, ξi describes how much
longer at most one needs to travel along the labyrinth from a
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FIG. 1. (Color online) Spatial self-organization in the rock-paper-
scissors game. (a) The three species interact cyclically. Species i

invades its prey at rate vi . (b)–(d) Snapshots of the steady-state spatial
organization of the three species when (b) all species grow at the same
rate and L = 300; (c) species 3 grows five times faster than 1 and 2
and L = 300; (d) species 1 grows 1250 times more slowly than 2 and
3 and L = 12 800. (e),(f) Zooms of the system in (d).

point i to any other point j in the same connected component,
compared to the geodesic distance. ξi pinpoints regions with
strong labyrinthine structure, and is found to exhibit huge
spatial variations for real labyrinths, critical percolation, or as
here for the slow species in a rock-paper-scissor relationship
[38]. In Fig. 2(d) it is seen that ξ of species 1 steadily increases
as its growth rate decreases exponentially, confirming that a
labyrinthine pattern emerges.

In order to describe the spatial self-organization in steady
state, we study the probabilities p1, p2, and p3 of a random
node to be occupied by species 1, 2, or 3, respectively.
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FIG. 2. (Color online) Species abundances and correlations for
small v1. (a) When the growth rate of species 1 is decreased, species
3 becomes less abundant. The mean-field theory provides a good
approximation to the abundances. (b) The spatial correlation between
different species are much lower than predicted by the mean-field
theory due to clustering. (c) The ratio between the predicted mean-
field correlations and the observed correlations are equal for all
species. This ratio defines χ . (d) When the growth rate of species
1 is decreased, it begins to form labyrinthine clusters. Thus, the path
distance between two points i and j in the same cluster becomes
much longer than the geodesic distance. This ratio is described by ξ .
(e) When v3 � v1,v2, the ratio χ diverges corresponding to the large
clustering in Fig. 1(c). When one species grows much more slowly
than the others, χ approaches 5, which gives rise to the labyrinthine
clustering in Fig. 1(d).

Furthermore, we are interested in the spatial correlations pij

between species i and j . That is, the probability of a random
node and a random one of its neighbors to be occupied by
species i and j , respectively.

Given these correlations the time evolution of species
abundances is given by [33]

ṗ1 = v1p12 − v3p31, (2)

where the equations for ṗ2 and ṗ3 follow by cyclic permutation
of the indices 1, 2, and 3. This symmetry also holds for all
subsequent equations of this article.

In the mean-field approximation, all nodes are linked
and spatial structure does not exist. Then the correlation
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between two species is simply given by the product of species
abundances p̃12 = p̃1p̃2, where the tilde (∼) denotes that the
mean-field approximation has been applied. If this is inserted
into (2) and the time derivatives are set to zero, one obtains the
steady-state solution

p̃1 = v2

v1 + v2 + v3
, (3)

p̃12 = v2v3

(v1 + v2 + v3)2
. (4)

In Figs. 2(a) and 2(b) the steady-state abundances and
correlations are shown at constant v2 = v3 = 1 and varying
v1 � 1. It is seen that a slow growth rate of species 1 leads
to a decline in the abundance of species 3. Mean-field theory
provides a good approximation for how abundances depend
on growth rates, with the only slight deviation that species 2
becomes slightly more abundant than species 1 for low v1.
However, the mean-field approach cannot capture the spatial
organization of the species, and thus it predicts interspecies
correlations far larger than those observed in simulations [see
Fig. 2(b)]. The fact that the abundances are correctly predicted
indicates that the mean-field correlations are proportional to
the true, spatial correlations. Indeed, if (2) is set to zero for both
the spatial and mean-field systems one can derive the relations

p̃12

p12
= p̃23

p23
= p̃31

p31
≡ χ. (5)

Here we have introduced the ratio χ , defined by how much
the time average of the correlations between two species is
larger in the steady state of the mean-field approximation
compared to the spatial system [see Fig. 2(c)]. This statistical
measure describes the spatial and dynamical organization of
the rock-paper-scissors game for varying growth rates. The
intuition behind χ is the following.

The average time before a node of species 2 is invaded
by species 1 is given by T1 = p2

v1p12
for the spatial system

and T̃1 = p̃2

v1p̃12
in mean field. Therefore, χ ≈ T1

T̃1
provides a

measure for how much longer each species on average lives
on a node before being invaded, compared to the result in
the mean-field system, i.e., how much the spatial organization
slows down the dynamics. Furthermore, when χ is large the
correlations of the spatial system are much smaller than in
the mean-field system, according to (5), so the species must
have a high degree of clustering. Hence, χ gives a measure for
the clustering of the spatial system. These two interpretations
are, of course, tightly connected. If the average cluster
diameters are doubled, each node will live for twice as long
before being invaded, corresponding to increasing χ by a factor
of 2.

How does χ depend on the growth rates of the three species?
In Fig. 2(e) this dependency is shown as a function of the
relative growth rates v1

v3
and v2

v3
, with v3 chosen to be the fastest-

growing species. When all growth rates are equal we have
χ ≈ 2.5, corresponding to the moderate amount of clustering
observed in Fig. 1(b). When species 3 grows much faster than
the two other species, such that both growth ratios go to zero,
χ becomes very large. This agrees well with the large amount
of clustering observed in Fig. 1(c).

When only v1 → 0 we see from Figs. 1(d) and 2(d) that χ

approaches a finite value close to 5. In this limit, we expect
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FIG. 3. (Color online) Cluster size distributions. (a) When all
species grow at the same rate, all clusters consist of fewer than 5000
nodes. Here v1 = v2 = v3 = 1. (b) When the growth rate of species
1 is decreased, species 3 becomes less abundant and large clusters of
species 1 and 2 become more likely. Here v1 ≈ 0.5 and v2 = v3 = 1.
(c) In the limit v1 → 0 the cluster size distributions of species 1 and
2 become heavy tailed with a cutoff set by the system size. Here
v1 � 0.007 and v2 = v3 = 1. For all plots L = 2048.

from (3) that p3 → 0 while p1 ≈ p2 → 1
2 . In this case, the

amount of clustering of species 3 is limited. The observation
of χ suggests that clustering reduces the spatial correlation
between species 2 and 3 by only a factor of 5 compared to the
mean-field system. This sets an upper bound for how much
species 1 and 2 can cluster. The mean-field approach predicts
a correlation of p̃12 = 1

4 , so with χ ≈ 5 Eq. (5) dictates the
spatial correlation to be p12 ≈ 1

20 . This agrees well with the
12 800 × 12 800 system in Fig. 1(d), where v1 = 0.0008, v2 =
v3 = 1, and p12 ≈ 0.05, which is also evident from Fig. 2(b).

While the value of χ quantifies the average amount of
clustering, it does not provide information on the cluster size
distribution. In the case where all species grow with the same
rate, Fig. 1(b) suggests that clusters have a characteristic size.
Indeed, Fig. 3 shows that the cluster size distribution in this
case sharply decreases for clusters larger than 1000 nodes.
When the growth rate of species 1 goes to zero, however,
species 3 continues to be organized in small clusters, but large
clusters of species 1 and 2 become much more likely. The
cluster size distributions of these become exceedingly broad,
culminating in a heavy tail distribution with a cutoff that is set
by the system size.

An alternative approach that has been applied to describe
the spatial organization of the rock-paper-scissors game is
the pair approximation [34,42]. This approximation predicts
χ = 1.5, which is far from the observed value of χ = 2.5,
further illustrating the inability of the pair approximation to
describe the behavior of the rock-paper-scissors game.
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IV. DISCUSSION

Our results quantitatively describe how spatial clustering
slows down the dynamics of the rock-paper-scissors game, and
why this leads to a labyrinthine spatial organization in the limit
where one species grows slowly compared to the two others:
an organization that includes a type of excitable front that
propagates on self-organized labyrinthine clusters distributed
over many length scales. In this limit of one slow species, the
largest clusters of both the slow species and its prey cover a
large fraction of the system, as seen in Fig. 2(d). This conse-
quence of the labyrinthine configuration would not be possible
in site percolation, where each of the large species would need
to occupy close to 60% of the nodes to percolate [43].

Interestingly, the extreme version of the rock-paper-scissors
ecology with one slow species resembles the forest fire model

in a fire-tree-ashes analogy [44–46]. The slow species would
then be forest, which is burned by fire, which is replaced by
ashes, from which trees can again slowly grow. The main
differences from existing forest fire models are that in the
present system trees can grow only in the neighborhood
of other trees and fire can be extinguished only in the
neighborhood of ashes.

The method of quantifying how much clustering slows
down the dynamics of a spatial system, compared to the
mean-field approximation, is quite general, and we expect
it to be applicable on a broad range of dynamical systems.
In particular, it may be useful in predicting the spatial
organization in predator-prey models, which continues to
attract much attention within the field of complex systems
[47,48].

[1] S. Simpson, G. Sword, P. Lorch, and I. Couzin, Proc. Natl. Acad.
Sci. USA 103, 4152 (2006).

[2] G. Sword, P. Lorch, and D. Gwynne, Nature (London) 433, 703
(2005).

[3] D. Morens, G. Folkers, and A. Fauci, Nature (London) 430, 242
(2004).

[4] K. Sneppen, A. Trusina, M. H. Jensen, and S. Bornholdt, PloS
One 5, e13326 (2010).

[5] J. Juul and K. Sneppen, Phys. Rev. E 84, 036119 (2011).
[6] B. Kerr, M. A. Riley, M. W. Feldman, and B. J. M. Bohannan,

Nature (London) 418, 171 (2002).
[7] T. Reichenbach, M. Mobilia, and E. Frey, Nature (London) 448,

1046 (2007).
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We study adaptive dynamics in games where players abandon the population at a given rate and are replaced
by naive players characterized by a prior distribution over the admitted strategies. We demonstrate how such
a process leads macroscopically to a variant of the replicator equation, with an additional term accounting for
player turnover. We study how Nash equilibria and the dynamics of the system are modified by this additional
term for prototypical examples such as the rock-paper-scissors game and different classes of two-action games
played between two distinct populations. We conclude by showing how player turnover can account for nontrivial
departures from Nash equilibria observed in data from lowest unique bid auctions.
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I. INTRODUCTION

Perhaps the most important skill for competing agents is
the ability to adapt to a changing environment by constantly
assessing and modifying their behavior. Consequently, while
game theory has been initially mostly focused on the study of
equilibria [1,2], the study of adaptive dynamics has acquired
more and more relevance in recent years. Various models have
been put forward to capture the learning processes of compet-
ing individuals and the resulting evolution of the population
[3–5]. A key result is that many agent-based algorithms of
adaptive dynamics allow for a simple macroscopic description
in terms of replicator equations [6–9]. In the replicator
dynamics, a large population of individuals participate in
a game. Let us call xi the fraction of population playing
a given strategy, where admissible strategies are labeled as
i = {1,2,3, . . .}. The time evolution of such fractions is given
by

d

dt
xi = xi(πi(x) − π̄ (x)), (1)

where πi(x) is the frequency-dependent payoff of strategy i,
and π̄ = ∑

i xiπi is the average payoff. In this setting, the
initial condition x0

i represents a prior distribution of strategy
preferences before the adaptation process takes place. Ap-
proaches based on Eq. (1) have proven successful in describing
systems within biology as well as economics [8,10,11]. It can
be easily shown that stable equilibria of replicator dynamics
correspond to Nash equilibria, where no individual can benefit
from changing strategy unilaterally [7,12].

Usually, in adaptive dynamics, one has in mind a fixed
population of players that acquire experience over time or
biological populations where offsprings inherit strategies from
their parents. However, one can think of a number of concrete
examples where games are played in a more open setting, with
the possibility of players to leave the game and be replaced
by less experienced ones. On the market, new companies are
founded while old companies collapse. Within companies,
experienced employees retire so that young graduates may start
their career. On general grounds, one should expect turnover to

have a profound impact on the dynamics of the game and lead
to a rich phenomenology. In a standard adaptive dynamics
all individuals within the population have the same degree
of experience. Conversely, here each agent sees a nontrivial
mixture of players with different experience levels. While
the Nash equilibrium strategy will be optimal against very
experienced players, it would not necessarily be the most
effective to exploit naive newcomers. Therefore, one can
expect adaptive dynamics in this case to converge to equilibria
being different from Nash equilibria and being crucially
affected by the rate of turnover, which in turn determines
the steady-state structure of the population in terms of both
experience and strategies. In such a framework, interesting
information can be obtained by dissecting the experience
composition of each strategy, for example, to assess which
experience classes are performing better in the game in terms
of payoff.

In this paper, we demonstrate how taking into account
turnover of players leads macroscopically to a variant of the
replicator dynamics. We present a derivation of the replicator
equation with turnover [Eq. (6)] in Sec. II. In the remainder
of the paper, we apply this equation to analyze the effect of
turnover in simple evolutionary games. We begin with the
simple paradigmatic cases of the rock-paper-scissors game
and the set of two-action games played between two different
populations. In the latter case, we show how increasing the
turnover rate can lead to abrupt change in the equilibrium
state caused by bifurcations in the corresponding dynamical
system. We conclude the paper by showing how this approach
can provide an interpretation for the observed bid distribution
in online lowest unique bid auctions.

II. MODEL

We aim at generalizing the replicator equations (1) to
situations in which agents are replaced with inexperienced
individuals at a rate p. Let a large population of players engage
in a game with strategies labeled i = {1,2,3, . . .}. We divide
the players in experience classes: Let ni(τ,t) be, at time t ,
the number of players having been in the game for a time τ

022806-11539-3755/2013/88(2)/022806(9) ©2013 American Physical Society
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and playing strategy i. The normalization condition for the n’s
reads

∑
i

∞∑
τ=0

ni(τ,t) = N ∀ t, (2)

where N is a fixed total population size. We also define the
total fraction of players adopting strategy i at time t , xi(t) =∑∞

τ=0 ni(τ,t)/N . As in the standard replicator equation (1),
we introduce the average payoff of strategy i, πi(x(t)) and the
average payoff across strategies π̄ = ∑

i xiπi .
For the sake of simplicity, we consider a simple adaptive

dynamics in which individuals learn of alternative strategies

and their average payoff at a rate equal to the fraction of the
population that plays by this strategy. Further, an individual
playing strategy i learning of a strategy j with a higher average
payoff, changes to strategy j with a probability proportional
to the payoff difference. Combining these assumptions gives
an overall rate of change from strategy i to strategy j equal to
nixj (πj − πi), if πj > πi .

Furthermore, agents leave the population at rate p and are
replaced by inexperienced agents. The new agents play each
strategy i with a probability proportional to a given distribution
x0

i .
We wish to study the time development of the ni(τ,t). The

learning dynamics encoded in the rules above reads

ni(τ + 1,t + 1) − ni(τ,t) = (1 − p)

⎛
⎝ ∑

j : πj <πi

nj (τ,t)xi(t)(πi − πj ) −
∑

j : πj >πi

ni(τ,t)xj (t)(πj − πi)

⎞
⎠ − pni(τ,t), (3)

where the first sum represents players changing to strategy
i from strategies with lower payoffs, and the second sum
represents players changing from strategy i to strategies with
higher payoffs. Performing a continuous time limit, the left
hand side of the above equation becomes ∂tni(τ,t) + ∂τni(τ,t).
We can now integrate the continuous time version of Eq. (3)
over τ and divide by the population size N to obtain a closed
evolution equation for the strategies xi(t). Let us recall that
ni(0,t) = σNx0

i , where the proportionality constant σ can
be determined by imposing that the final equation preserves
the normalization condition. We also assume that, due to the
effect of turnover, one has limτ→∞ ni(τ,t) = 0 ∀ i,t . After
combining the two sums, this results in

d

dt
xi(t) = (1 − p)

∑
j

xj (t)xi(t)(πi − πj ) + σx0
i − pxi. (4)

Imposing the normalization results in σ = p. This also implies
that the density of players having a given experience level
at steady state is exponentially distributed,

∑
i ni(τ,∞) =

Np exp(−pτ ). If we furthermore use the normalization con-
dition

∑
j xj = 1 and the definition of the average payoff π̄ ,

we get

d

dt
xi = (1 − p)xi(πi − π̄ ) + p

(
x0

i − xi

)
. (5)

Upon rescaling time by 1 − p and defining a rescaled turnover
rate χ = p/(1 − p), we finally obtain

d

dt
xi = xi(πi − π̄ ) + χ

(
x0

i − xi

)
. (6)

Equation (6) constitutes the starting point of our analysis. It
should be clear that our specific choice of adaptive dynamics is
not crucial for deriving Eq. (6) and that the same macroscopic
limit could be obtained for other microscopic adaptation
rules leading to the replicator equation (1) in the absence
of turnover. Equation (6) can be, of course, also derived (or
justified) heuristically, for example by making an analogy
with a (damped) driven dynamical system, where the prior

distribution x0
i in the right hand side acts as a forcing term.

Note that Eq. (6) can be formally recast in replicator form,

d

dt
xi = xi(πi − π̄ ) + χ

(
x0

i − xi

) ≡ xi(π̃i − π̄), (7)

where the “effective payoff” of strategy i, π̃i , is defined as

π̃i = πi + χ

(
x0

i

xi

− 1

)
. (8)

In Eq. (7) the average payoff π̄ does not contain a contribution
from the second term in Eq. (8) as its average is zero, so
that

∑
i xiπi = ∑

i xi π̃i . The mapping in Eq. (7) is valid only
in the interior of the simplex xi > 0 ∀ i,

∑
i xi = 1, while at

the boundary the effective payoffs diverge. This situation has
some resemblance to the case of evolutionary dynamics in
the presence of mutations [7,13]. The main difference is that
in our case the “mutants” are not characterized by new, pure
strategies or random strategies, but the mixed distribution x0

i

of the existing strategies.
The fact that the replicator equation with turnover (6) can be

rewritten in replicator form (7) implies that the two equations
share several mathematical properties. Among these is that
the mean effective payoff for the population cannot decrease
along any trajectory. If the payoff function is continuous and
bounded, it therefore serves as a Lyapunov function [14],
which guarantees that all game dynamics evolve to either
an equilibrium point or a closed orbit. For the replicator
equation without turnover, χ = 0, all Nash equilibria of a
game are equilibrium points of the dynamics [15]. For positive
χ , the equilibrium points are generally different from the
Nash equilibria, and we call these the turnover equilibria of
the game. In the limit χ → ∞, agents are insensitive to the
rewards and the initial strategy x0

i is the only equilibrium point.

III. ROCK-PAPER-SCISSORS

We now apply the concept of agent turnover to the three-
strategy game of rock-paper-scissors. In this well-known,
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biologically relevant game [16–20], a large population of
players can choose among the strategies rock, paper, and
scissors. The average fraction of the population employing
each strategy is denoted xR , xP , and xS , respectively. The
players are paired randomly in each round. Since the strategies
dominate each other cyclically, their payoffs are given by

πR = xS − xP , (9)

πP = xR − xS, (10)

πS = xP − xR. (11)

Rock-paper-scissors is a zero-sum game, so the average payoff
in (6) is always zero. The only Nash equilibrium of the game is
when all individuals play randomly, giving them all an average
payoff of zero [21].

When we introduce a player turnover, naive players that
enter the game choose to play rock, paper, or scissors with
probability x0

R , x0
P , and x0

S , respectively. Gradually, each
individual changes strategy according to Eq. (3), resulting in
the mean behavior given by Eq. (6).

In Figs. 1(a)–1(d) the time development of the average strat-
egy played is shown for an initial strategy x0 = (0.8,0.1,0.1)
biased towards rock and for different values of χ . Similar
results are obtained using different initial strategies. In the
absence of agent turnover, the strategy of the population oscil-
lates around the Nash equilibrium [21,22]. Upon introducing
turnover, the initial overrepresentation of players playing rock
makes paper a rewarding strategy. As players change strategy
towards paper, scissors becomes more rewarding, and so on. In
the limit of χ → ∞, all players remain naive, so the strategy
of the population is equal to the initial strategy.

For intermediate turnover rates, the system undergoes
damped or critically damped oscillations towards the turnover
equilibrium, where the gradual learning of the players staying
in the game exactly balances the exchange of experienced
players with naive players. Thus, agent turnover stabilizes the
game dynamics in a similar way as spatial organization of
agents [17,22–24]. The location of the turnover equilibrium
depends nontrivially on the strategy of naive players and
on the turnover rate, as shown in Fig. 1(d). When χ is
increased from 0 to ∞, the turnover equilibrium shifts from the
Nash equilibrium to the strategy distribution of inexperienced
players along a curved line. This means that, for a generic
value of χ , the turnover equilibrium is not trivially a linear
combination of the Nash equilibrium and the naive strategy.

In a traditional game of rock-paper-scissors, the time-
averaged payoff of all players is zero in any steady state situa-
tion. In the turnover equilibrium, however, the average payoff
of players increases monotonically with their experience, such
that new, naive players tend to lose to more experienced
players. Figure 1(e) shows the average strategy ni(τ,∞)/N
as a function of the experience level τ , where the turnover
is χ = 0.25 and the naive strategy is the same as before.
The strategy with the highest payoff is paper, which is the
only strategy that very experienced players employ. However,
due to the turnover of agents, the number of experienced
players falls off exponentially. This causes a radical qualitative
difference between the payoff of a given player having an

(a)

(b) (c)

(d)
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∞
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x 0Initial strategy (      )

Flow of dynamics
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Nash equilibrium

(e)

(f)

= 0.25χ

-0.3

-0.1

0

0.1

0.3

0.2

-0.2

FIG. 1. (Color online) Turnover of players in the rock-paper-
scissors game with an initial strategy of 80% rock and 10% paper
and scissors. (a) For χ = 0, the average strategy oscillates in a fixed
distance from the Nash equilibrium. (b) For infinite turnover, only the
initial strategy x0 is employed. (c) For intermediate turnovers, the av-
erage strategy converges to the turnover equilibrium. (d) The turnover
equilibrium for different values of χ . The equilibrium is displaced
towards paper, which dominates the initial strategy. (e) In the turnover
equilibrium, inexperienced players quickly turn away from playing
rock. Experienced players only play paper. (f) Inexperienced players
have a large negative payoff, which monotonically increases as the
players gain experience. However, since the number of experienced
players falls off exponentially, most games are won by players of
intermediate experience. In this example, we chose a total population
size N = 20.

experience level τ and the total payoff of players in a given
experience level. Denoting the turnover equilibrium by x∗, the
total payoff collected by players with experience τ is given
by

∑
i ni(τ,∞)πi(x∗), while the payoff of a single player

with this experience is
∑

i ni(τ,∞)πi(x∗)/(
∑

i ni(τ,∞)). The
two different payoffs are shown in Fig. 1(f) as a function of
the experience level τ for a population of 20 players. The
figure demonstrates the counterintuitive fact that, while the
payoff of each single player increase monotonically with
the experience, the majority of the games are won by players
with intermediate experience levels.
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IV. TWO-AGENT TWO-ACTION GAMES

We now turn to the broad class of games, where two
populations can each choose between two strategies. Let us
define the mixed strategies as (x,1 − x) for the first population
and (y,1 − y) for the second population. The payoffs obtained
by the two populations depend on their joint actions [15] and
are traditionally encoded in payoff matrices A and B,

(
πx

1

πx
2

)
=

(
a11 a12

a21 a22

)(
y

1 − y

)
, (12)

(
π

y

1

π
y

2

)
=

(
b11 b12

b21 b22

)(
x

1 − x

)
, (13)

where πx
1 is the payoff of the first strategy for the first

population, and so forth. The two populations are learning
concurrently and their turnover rates χx and χy can, in
principle, be different. The learning dynamics can be obtained
from Eq. (6),

d

dt
x = x(1 − x)

(
πx

1 − πx
2

) + χx(x0 − x), (14)

d

dt
y = y(1 − y)

(
π

y

1 − π
y

2

) + χy(y0 − y), (15)

where the equations for the second strategies can be simply
obtained from the normalization conditions. In the absence
of turnover, this system is known as a bimatrix replicator
equation [15,25]. In the turnover equilibrium, which we denote
as (x,y) = (x∗,y∗), the time derivatives are equal to zero.
Substituting expressions (12) and (13) for the payoffs leads
to the equations

αy∗ + a12 − a22 = χx

x∗ − x0

x∗(1 − x∗)
, (16)

βx∗ + b12 − b22 = χy

y∗ − y0

y∗(1 − y∗)
, (17)

where we have introduced

α = a11 + a22 − a21 − a12, (18)

β = b11 + b22 − b21 − b12. (19)

The number of solutions to Eqs. (16) and (17) depends on
the sign of the product αβ. When αβ < 0, there is always
one mixed turnover equilibrium. When αβ > 0, the number
of turnover equilibria can increase at critical values of the
turnover parameter. The derivation of these results can be
found in Appendix A. In the following, we provide examples
for two well-known two-action games belonging to the two
categories, αβ < 0 and αβ > 0: the game of matching pennies
and a coordination game, respectively.

A. Matching pennies

A simple example of αβ < 0 is the zero sum game of
matching pennies. Two players secretly turn a penny each
to heads or tails and reveal the coins simultaneously. If the
pennies match, player one receives a reward r from player
two. If they do not, player one pays the reward to player two.
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FIG. 2. (Color online) Dynamics of the matching pennies game
with r = 2 and initial strategy x0 = y0 = 0.3. Other choices of
parameter values yield similar results. (a) For χ = 0, the average
strategy oscillates at a fixed distance from the Nash equilibrium.
(b) When a turnover is introduced, the average strategy converges
to the turnover equilibrium. Here χx = χy = 1. (c) Expected payoff
for population one in the turnover equilibrium for varying turnovers.
Above a critical value of χy = 2, the first population will win most
games.

This game is characterized by the payoff matrices

A =
(

r −r

−r r

)
, B =

(−r r

r −r

)
. (20)

The learning dynamics (14) and (15) with no turnover
leads to a marginally stable Nash equilibrium surrounded
by concentric closed orbits [see Fig. 2(a)]. When a positive
turnover of players is introduced, the Nash equilibrium is
perturbed to a stable turnover equilibrium (x∗,y∗), as displayed
in Fig. 2(b). Inserting the payoff matrices into the conditions
for turnover equilibrium (16) and (17) gives

y∗ = 1

2
+ χx

4r

x∗ − x0

x∗(1 − x∗)
, (21)

x∗ = 1

2
+ χy

4r

y∗ − y0

y∗(1 − y∗)
. (22)

Matching pennies is a zero sum game. The expected payoff
of population one is positive if the two populations have a
tendency of both playing heads or both playing tails, while
it is zero if and only if one of the populations chooses their
strategy randomly. From Eqs. (21) and (22) we see that this
happens in the turnover equilibrium if (x∗,y∗) = (1/2,y0)
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or (x∗,y∗) = (x0,1/2). For a given set of initial strategies
of the populations, this corresponds to the critical turnover
rates

χx,c = −r
1 − 2y0

1 − 2x0
, (23)

χy,c = r
1 − 2x0

1 − 2y0
. (24)

Equation (23) can only be satisfied if population two wins
most games when the initial strategies are employed. In this
case, the expected payoff of population one is negative if it
has a high turnover, since its equilibrium strategy is close to its
initial strategy. If the turnover is decreased below the critical
value (23), the first population starts winning more games than
it loses regardless of the turnover of population two. Even if
population two has an even lower turnover, and thus has an
initially superior strategy and more time to gain experience, the
equilibrium state remains advantageous for population one.

Likewise, Eq. (24) gives a positive critical turnover only
if population one wins most games when the initial strategies
are employed. Here, the payoff for population two goes from
being positive to negative when its turnover is increased past
the critical value given by (24), regardless of the turnover of the
first population. In Fig. 2(c), the average payoff for population
one is shown for varying turnovers of both populations and the
initial strategies x0 = y0 = 0.3. In this case, if the turnover of
population two is larger than χy,c = 2, population one wins
most games.

B. Coordination game

When the payoff matrices of the two populations equal each
other, A = B, one must necessarily have αβ � 0. One example
of this is a coordination game, where the two players strive to
play the same strategy. We consider the payoff matrices

A = B =
(

6 0
3 2

)
, (25)

where α = β = 5. Coordination games with different payoff
matrices will have similar dynamical properties. Without
player turnover, this game has two pure Nash equilibria where
the populations employ the same strategy. In addition, there
is a mixed Nash equilibrium at (x∗,y∗) = (2/5,2/5) with
one stable and one unstable manifold. The stable manifold
constitutes the boundary between the basins of attraction of the
two pure Nash equilibria [see Fig. 3(a)]. For sufficiently small
turnovers, there are three turnover equilibria close to these
three Nash equilibria. The initial strategies (x0,y0) determine
which equilibrium state the system goes to.

Let us consider a situation of strong initial disagreement
(x0,y0) = (0.9,0.1), where inexperienced players of popula-
tions one and two tend to employ the first and second strategies,
respectively. We fix χy = 2, while varying χx as a control
parameter. In this case, the point (x,y) = (0.4,0.9) is always
an equilibrium of the dynamics. At a critical value, χx ≈ 0.71,
the boundary between the basins of attractions passes the initial
strategy (x0,y0) [see Figs. 3(b) and 3(c)], and the steady state
changes discontinuously from being dominated by strategy
two to strategy one. At the same point, the payoff of both
populations increases drastically.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x

y

0 0.2 0.4 0.6 0.8 1
x

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x

y

0 0.2 0.4 0.6 0.8 1
x

0 0.2 0.4 0.6 0.8 1
x

y

Turnover equilibrium (x*, y*)

Basin of equilibrium 1

Basin of equilibrium 2

Flow of dynamics

Flow from initial strategy

Stable / unstable manifold

Initial strategy (x  , y  )0 0

0 1 2 3 4 5
0

1

2

3

4

5

x

 

 2

3

4

5

6

y

panel Cpanel B

0

0.2

0.4

0.6

0.8

1

0

0.25

0.5

0.75

1

x

0 0.25 0.5 0.75 1 1.25 1.5

x

Unstable equilibrium

Stable equilibrium

(a)

(b) (c)

(d) (e)

(f)

(g)

FIG. 3. (Color online) Dynamics of a coordination game with
initial strategy (x0,y0) = (0.9,0.1). (a) Without turnover, the game
has one saddle point Nash equilibrium with stable manifolds that
separate the basins of attraction of two pure Nash equilibria.
(b), (c) When the initial strategy goes from one basin of attraction
to another, the resulting equilibrium state changes discontinuously.
Here χy = 2 and χx = 0.7 and 0.72, respectively. (d), (e) At a
critical set of turnover rates two turnover equilibria annihilate in
a saddle node bifurcation. Here χy = 2 and χx = 0.91 and 0.92,
respectively. (f) Bifurcation diagram for turnover equilibria. The
point (x,y) = (0.4,0.9) is always an equilibrium. We observe a
transcritical bifurcation at χx ≈ 0.4 and the saddle node bifurcation
from panels (d) and (e) at χx ≈ 0.9. (G) Expected payoff of
population one in the turnover equilibrium for varying turnovers.
The dramatic change in payoffs between panels B and C can clearly
be seen.
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Upon increasing the turnover of the first population even
further, the basin of attraction of strategy two suddenly disap-
pears at χx ≈ 0.91. For this value, the saddle node equilibrium
annihilates with the turnover equilibrium of strategy two [see
Figs. 3(d) and 3(e)]. For larger values of χx , there is only
one turnover equilibrium. In this case the number of turnover
equilibria changes through a saddle node bifurcation, but for
other payoff matrices [(A),(B)], a pitchfork bifurcation could
occur (see Appendix A).

A full bifurcation diagram is shown in Fig. 3(f), and the
expected payoff of population one is shown in Fig. 3(g) as a
function of the turnover rates. The abrupt change in payoff
at a critical set of turnover rates can clearly be seen. The
expected payoff of population two follows a similar pattern. In
general, a low turnover of either population results in higher
payoffs of both populations, since a larger proportion of the
players has enough experience to mainly bid on the dominating
strategy. However, increasing the turnover may change which
equilibrium the system goes to, leading to an increase in the
payoff of both players.

V. LOWEST-UNIQUE-BID AUCTIONS

Lowest unique bid auctions have become popular online
games and have recently attracted attention from the scientific
community [26–28]. In this game, N players pay an entrance
fee to independently bid on an item, e.g., a car. The winner of
the auction is the player with the lowest bid not also played by
another player. The strategies available to each player are the
possible integer bids i = {1,2,3 . . .}.

If a population of players place their bids stochastically
according to the distribution xi , the average payoff of each
strategy is, in the large N limit, proportional to [28]

πi = e−Nxi

i−1∏
j=1

(1 − Nxie
−Nxi ). (26)

The Nash equilibrium corresponding to the payoffs of
Eq. (26) was compared with data from the auctions web
site auctionair.co.uk in [28]. An excellent agreement between
the Nash equilibrium and the data was found for low to
intermediate values of N . In larger auctions, the bidding
distribution departed from the Nash equilibrium and was more
resemblant of an exponential distribution,

x0
i = e−βi∑

i e
−βi

, (27)

where the fitted value of the exponential constant was β ≈
0.02. On general theoretical grounds, one can argue that the
exponential bidding strategy is the expected prior distribution
for inexperienced players, with limited information about the
game, that want to avoid the cost of a large bid [28,29].

Using (26) and (27), we test here the hypothesis that the
apparent change of behavior from small to large auction sizes is
caused by agent turnover. Note that changing the turnover rate
χ in (6) is equivalent to multiplying the payoff function (26)
with a constant and rescaling time. As it is also problematic to
infer a natural time scale of adaptation from the data, we leave
the value of χ as a fitting parameter.
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FIG. 4. (Color online) Bidding frequencies in online lowest
unique bid auctions compared to the theoretical Nash equilibrium and
the turnover equilibrium for a constant χ = 0.0062. Different panels
show auctions with items of different value and different numbers
of players. For small auction sizes both the Nash and the turnover
equilibria fit the empirical bidding distributions. In larger auctions the
turnover equilibrium fits the data much better than the Nash equilib-
rium. This is due to a long adaptation time for players in large auctions.

Figure 4 compares empirical data from 60 online auctions
with varying number of players to the respective Nash
equilibria and turnover equilibria for a least squares fitted value
of χ = 0.0062. We define the squared distance d between the
empirical data and the turnover and Nash equilibria as

dturn = N2
∑

i

(
x

emp
i − x∗

i

)2
, (28)

dNash = N2
∑

i

(
x

emp
i − xNash

i

)2
, (29)

where xemp is obtained from the frequencies, xNash is the
theoretical Nash equilibrium, and the sum runs over all bids
and all auctions. Using these definitions we get dturn = 89 084
and dNash = 253 526. In [28] it is shown that, if the bids were
randomly drawn from the theoretical distribution, the squared
distance is expected to be equal to the combined number of
bidders dexp = ∑

N = 30 335. This shows that the turnover
equilibria describe the bidding distributions much better than
the Nash equilibria, introducing just a single free parameter.

In small auctions, both the Nash equilibrium and the
turnover equilibrium fit the data well, but the latter also
captures the fat tail of the empirical distribution. In larger
auctions, the Nash equilibrium fails to predict the observed
distribution of bids, while the turnover equilibrium fits the
data remarkably well.

It should be recalled that, while the exponential strategy
distribution for large N is plugged into the model empirically
as a prior, it is still remarkable that, for the same value of
χ , the resulting equilibrium is relatively close to the prior for
large N and closer to the Nash equilibrium for smaller values
of N . The reason stems from the growth of the adaptation time
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of the replicator dynamics with the auction size N (see [28]).
The consequence if, even at equal turnover rate χ , players
have sufficient time to adapt for small auction size but not for
larger auctions. Clearly, one could get an even better fit by
letting χ vary as a function of N , as one could have different
kinds of players and therefore different turnovers for different
auction types, as exemplified in Appendix B. We do not present
a systematic study of the dependence of χ on N , as it is
beyond the scope of this paper. Our main point here is to
show that, even in the simple case of a fixed χ , the replicator
equation with turnover is useful to model a real-life game and
can help in conceptualizing nontrivial discrepancies between
observed strategy distributions and Nash equilibria. Finally, in
Appendix B we show that, in the case of larger auctions, the
distance from the Nash equilibrium does not seem to depend
on time. This fact further supports the presence of a steady
effect, like the turnover mechanism proposed here, preventing
the population to reach the Nash equilibrium.

VI. DISCUSSION AND CONCLUSION

In this paper we have extended the theoretical framework
of the replicator equation by considering the effect of agent
turnover, a phenomenon that is, in principle, present in many
game theoretical contexts. Our model provides a simple and
compact description of the dynamics of the average strategies
in the population and at the same time allows for dissecting
the behavior of players having different experience levels.
The study of experience-dependent payoffs can bring to
counterintuitive results, as we demonstrated in the simple case
of a rock-paper-scissors game. When turnover is introduced,
the game dynamics become richer. We have shown that it is
possible to encounter bifurcations of turnover equilibria and
that the equilibrium strategy can change discontinuously with
the turnover rate.

The simplicity and flexibility of the approach proposed in
this paper can be of use to analyze several games of practical
importance. For example, we have shown here how turnover
of agents can help in explaining adaptation in online games,
where experienced players may exploit the naive strategies
of new players. Our comparison with a dataset of bidding
distributions in online lowest unique bid auctions shows that
our model is able to describe the empirical steady state
distributions far better than the Nash equilibrium. We expect
that similar results can be obtained by studying data from other
games.

The concepts presented here suggest an interesting analogy
with the idea of cognitive hierarchy [30–32] in human learning,
where players are classified according to the number of reason-
ing steps they are able to make. In this scheme, nonreasoning
players are reminiscent of inexperienced players in the present
model, and players with more reasoning steps can be compared
more to experienced players. In this perspective, the model
proposed here provides a framework in which a cognitive
hierarchy emerges naturally from the dynamical equilibrium
between adaptation and turnover. Indeed, a cognitive hierarchy
model has previously been applied to describe the bidding
distributions in lowest unique bid auctions [27]. In the authors
of Ref. [27]’s own words, “the cognitive hierarchy model
. . . should be viewed as a potential stepping stone to an

investigation using a formal learning model.” Our work is
one proposal of such a learning model.

It is known that a fraction of nonrational, influenceable
players may change the game dynamics considerably [33–35].
In a recent study [36], a population of fish were made up of
three subgroups: a large group of fish with a small preference
for going to one place in the aquarium, a smaller group with a
strong preference for another place, and a group of untrained
fish with no prior preference. The study showed, both through
simulations and experiment, that there exists a critical size of
the untrained group above which the entire population goes
to the place preferred by group one, and below which the
minority of group two dictates where the population goes. This
resembles our results for two-agent two-action coordination
games, where a critical turnover of agents changes the turnover
equilibrium from being dominated by one strategy to being
dominated by the other.

In our model we assume a constant turnover of agents
in time, which leaves one free fitting parameter. However,
changing the turnover is mathematically equivalent to scaling
the expected payoff of all strategies together with a time
scaling. Since the absolute value of the payoff is often treated
as a free parameter when analyzing experiments of learning
dynamics, this does not increase, in general, the number of
fitting parameters in such an analysis. Furthermore, if the
absolute values of the payoffs are known, one can, in principle,
measure the turnover rate of agents and avoid having a free
fitting parameter.

In conclusion, we have shown how a steady turnover of
agents, which is present in most real-life games, can change the
qualitative dynamics of a game. The simplicity and generality
of the framework presented here makes it a natural candidate
to describe adaptation in a population participating in a game
and subject to turnover.
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APPENDIX A: NUMBER OF TURNOVER EQUILIBRIA
IN TWO-AGENT TWO-ACTION GAMES

In this appendix, we show that the number of possible
turnover equilibria in two-agent two-action games is depen-
dent on the sign of the product αβ, where α and β are given
by (18) and (19).

The conditions for turnover equilibrium are given by (16)
and (17). Expressing y∗ as a function of x∗, this can be written
as

y∗(x∗) = χx

α

x∗ − x0

x∗(1 − x∗)
− a12 − a22

α
, (A1)

βx∗ + b12 − b22 = χy

y∗(x∗) − y0

y∗(x∗)(1 − y∗(x∗))
≡ g(x∗), (A2)
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where we defined the composite function g(x∗). Notice that
limx∗→0 g(x∗) = limx∗→1 g(x∗) = 0 and that g(x∗) has two
singularities for values of x∗ such that y∗ = 0 and y∗ = 1.
Since 0 � y∗ � 1, we focus on the interval of g(x∗) between
the two singularities.

Let us investigate the derivative ∂g/∂x∗. From Eqs. (A1)
and (A2) we get

∂y∗

∂x∗ = χx

α

(x∗ − x0)2 + x0 − x02

(1 − x∗)2x∗2 , (A3)

∂g

∂x∗ = χy

(y∗ − y0)2 + y0 − y02

(1 − y∗)2y∗2

∂y∗

∂x∗ . (A4)

Since x0 and y0 are probabilities, we always have x0 > x02

and y0 > y02
. The fractions in Eqs. (A3) and (A4) are therefore
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FIG. 5. (Color online) The number of turnover equilibria in a
two-action two-agent game as determined by a graphical solution
of Eq. (A2). (a) When αβ < 0 the two functions have opposite
slopes and hence intersect exactly once in the relevant interval
0 < y∗ < 1. Here the matching pennies game is illustrated with
the parameters of Fig. 2(b). (b), (c) When αβ > 0 the slope of the
functions have the same sign, and new turnover equilibria can appear
through bifurcations. Here the bifurcation in the coordination game
of Figs. 5(b) and 5(c) is shown, except that χx is changed from to 0.8
to 1 between panels (b) and (c).

positive, so the derivative ∂g/∂x∗ must have the same sign as
α. This means that g(x∗) is either increasing or decreasing
monotonically, depending on the sign of α.

If αβ < 0, the line βx∗ + b12 − b22 and the function g(x∗)
have opposite slopes and therefore intersect exactly once. It
follows from (A2) that there is always exactly one turnover
equilibrium. In Fig. 5(a), this is illustrated for the matching
pennies game with the same parameters as Fig. 2(b).

If αβ > 0, the line βx∗ + b12 − b22 and the function g(x∗)
are either both increasing or both decreasing. Therefore, they
can, in principle, intersect any odd number of times. Hence,
it is possible to have multiple turnover equilibria, and these
can appear or annihilate in pairs through either saddle point
bifurcations or pitchfork bifurcations. Figures 5(b) and 5(c)
shows a saddle node bifurcation in the coordination game
with the same parameters as Figs. 3(d) and 3(e), except we
have set χx equal to 0.8 and 1, respectively, to show a clearer
bifurcation.

APPENDIX B: ADDITIONAL ANALYSIS OF THE
LOWEST UNIQUE BID AUCTION DATA

In this appendix, we present additional results on the lowest
unique bid auction dataset used in Sec. V. Figure 6 shows
how letting χ as an independent fitting parameter for each
auction size leads to very good fits of the bidding distributions
in all cases. The fitted values suggest a higher turnover rate
for larger auction sizes, which is reasonable considering, for
example, that larger auctions typically involve larger bidding
fees. Furthermore, we see from the combined distances (28)
and (29) presented in Fig. 6 that we always have dturn < dNash,
so the turnover equilibria always fit the empirical data better
than the Nash equilibria, but that this is most significant
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Online bids

19 auctions of 135 players

= 0.0017

= 0) Nash (

Online bids

27 auctions of 198 ± 2 players

= 0.0049

= 0) Nash (

Online bids

8 auctions of 943 ± 4 players

= 0.0172

= 0) Nash (

Online bids

6 auctions of 2480 ± 18 players

Auction item value: £17000

Auction item value: £500 Auction item value: £700

Auction item value: £1490

 = 2452dNash

 = 2401dturn

 = 6608dNash

 = 6260dturn

 = 34532dNash

 = 25287dturn

 = 209933dNash

 = 53140dturn

(a)

(c)

(b)

(d)

FIG. 6. (Color online) Same data as Fig. 4, but this time the
turnover parameter χ is fitted independently in each plot. The fitted
value of χ and the total distances between the empirical bidding
distributions and the turnover and Nash equilibria, respectively, are
indicated in each legend.
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FIG. 7. (Color online) Distance from the Nash equilibrium for 14
auctions having N = 1398 ± 74, as a function of the time order of
the auctions. The straight line is a fitted linear regression, with slope
m = 1 ± 140.

for large auction sizes. Both equilibria describe the bidding
distributions well in small auctions. Notice, however, that the
prior distribution x0 has been obtained from the larger auction
sizes, so that estimates of χ in the large auction cases can be
affected by overfitting.

Finally, in Fig. 7 we show the evolution of the distance (29)
to the Nash equilibrium in series of auctions having similar
number of players N = 1398 ± 74. The exact date of each
auction was not available, so data are plotted simply as a
function of the time ordering of the auctions.

It is easy to demonstrate that, if players bid according to the
Nash equilibrium, the expected value of d is N (see [28]). A
value of d significantly larger than N signals a departure from
the Nash equilibrium. Fitting the data with a linear regression
yields a slope m = 1 ± 140 that clearly does not allow for
refuting the null hypothesis of no temporal trend. This suggests
the presence of a mechanism keeping the population at a finite
distance from the Nash equilibrium, as the turnover mechanism
proposed in this paper.
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Moderate stem-cell telomere shortening rate postpones cancer onset in a stochastic model
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Mammalian cells are restricted from proliferating indefinitely. Telomeres at the end of each chromosome are
shortened at cell division and when they reach a critical length, the cell will enter permanent cell cycle arrest—a
state known as senescence. This mechanism is thought to be tumor suppressing, as it helps prevent precancerous
cells from dividing uncontrollably. Stem cells express the enzyme telomerase, which elongates the telomeres,
thereby postponing senescence. However, unlike germ cells and most types of cancer cells, stem cells only
express telomerase at levels insufficient to fully maintain the length of their telomeres, leading to a slow decline
in proliferation potential. It is not yet fully understood how this decline influences the risk of cancer and the
longevity of the organism. We here develop a stochastic model to explore the role of telomere dynamics in relation
to both senescence and cancer. The model describes the accumulation of cancerous mutations in a multicellular
organism and creates a coherent theoretical framework for interpreting the results of several recent experiments
on telomerase regulation. We demonstrate that the longest average cancer-free lifespan before cancer onset is
obtained when stem cells start with relatively long telomeres that are shortened at a steady rate at cell division.
Furthermore, the risk of cancer early in life can be reduced by having a short initial telomere length. Finally, our
model suggests that evolution will favor a shorter than optimal average cancer-free lifespan in order to postpone
cancer onset until late in life.

DOI: 10.1103/PhysRevE.88.042706 PACS number(s): 87.10.Mn, 87.19.xj, 82.39.Rt

I. INTRODUCTION

Telomeres are the noncoding ends of chromosomes that
prevent loss of genomic information during chromosome repli-
cation [1]. Each cell division leads to a telomere shortening
of 50–100 base pairs, partly due to what is known as the
end-replication problem [2,3]. When the telomeres reach a
critical length the cell goes senescent, a state of permanent
replication arrest that prohibits any further proliferation [4].
The number of divisions a cell can undergo before it reaches
senescence is called the Hayflick limit [5].

Short telomeres have been linked to increased mortality and
age related diseases [6] and accumulation of senescent cells is
seen as one of the major causes of aging [5,7,8]. However, the
proliferation limit associated with telomere attrition is thought
to work as a fail-safe mechanism against cells that divide in an
uncontrolled and rapid fashion, particularly cancer cells [9].
Genes that are critical in maintaining cells in a noncancerous
state are called proto-oncogenes or tumor suppressor genes.
Estimates of the number of mutations in these genes needed
for a healthy cell to turn cancerous range from 3 to 6 [10] and
above [11].

Cancer cells replicate uncontrollably and have unlim-
ited proliferation capability, known as cellular immortality
[12]. Consequently, the cancerous cell must bypass the
end-replication problem, which in 90% of cancers is done
by expressing the enzyme telomerase [13]. Telomerase,
which mainly consists of the two components, telomerase
reverse transcriptase (TERT) and telomerase RNA component
(TERC), elongates the telomeres such that the telomere length
of cancer cells is maintained during replication [14]. Besides
being present in cancer cells, telomerase is also found in stem
cells and germ line cells [12]. The amount of telomerase in
germ line cells is sufficient to maintain telomere length [1].
For stem cells, however, the level of telomerase is so low that
telomeres are still shortened after each cell division, but at a

lower rate than for somatic cells [15]. It is an open question
as to why stem cells express telomerase and why the level of
telomerase is not high enough to avoid a shortening of the
telomere length throughout life.

It has been suggested that telomere shortening is a trade-off
between limiting oncogenesis and reducing physiological
aging [16–18]. The capability of cells to tune their telomere
shortening rate by varying the expression of telomerase sug-
gests the possibility of optimal telomere shortening strategies.

In this paper we present a stochastic model that analyzes
how shortening of stem cell telomeres are coupled to the
trade-off between aging and postponing cancer. Previous
mathematical models for telomere dynamics have mostly
focused on the cellular transition to a senescent state [19,20]
and previous cancer models have focused mostly on onco-
genesis [21,22]. This work tries to bridge these areas of
focus, developing a more coherent mathematical modeling
framework for considering telomere dynamics in relation to
both senescence and cancer. We find that there exists a telomere
shortening rate that optimizes the cancer-free lifespan of the
organism. Our results also show that a suboptimal cancer-free
lifespan strategy may be selected in order to reduce the risk of
cancer before the childbearing age. Population size effects has
been shown to play an important role in stochastic cancer
models [23,24]. The conclusions drawn from the present
model are supported by qualitatively similar results from an
extended version of the model, incorporating system size and
cell dynamics (see Appendix A).

II. MODEL

The stochastic model describes the accumulation of can-
cerous mutations in a multicellular organism, where each cell
division will result in a shortening of the telomere sequence
due to the end-replication problem. Mutations can arise during
division of either somatic cells or stem cells. Initially an
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unmutated stem cell divides, thereby creating a somatic cell
and a daughter stem cell. The somatic cell then proliferates
until, after H0 divisions, it reaches the Hayflick limit and
undergoes senescence. The Hayflick limit can be interpreted as
the conversion of an initial telomere length, since a correlation
between the replicative capacity of a cell and its initial telomere
length has been shown [25]. During each division, the somatic
cell has a probability p of acquiring a cancerous mutation,
which is then propagated through the cell lineage in our
model. In order to maintain homeostasis, only one daughter
cell survives after each replication. When the somatic cell has
gone senescent it is removed and all mutations accumulated
in the somatic cell lineage are lost. The daughter stem cell
then divides to produce a new daughter stem cell and a new
generation of somatic cells.

Each time a stem cell divides, the Hayflick limit HG is
reduced by a constant amount α > 0, corresponding to the
daughter stem cell having shorter telomeres than its parent.
Additionally, there is a probability psc of a cancerous mutation
occurring in the self-renewing stem cell. Such mutations are
permanent and are inherited by all stem cells in the stem cell
lineage in the model.

If at any point the cell accumulates more than Cm mutations,
the organism is no longer cancer free. This will inevitably
happen as mutations are steadily accumulated in the stem cell
lineage such that somatic cell lines start with more and more
mutations. The total number of cell divisions that the system
undergoes before the onset of cancer is interpreted as the
cancer-free lifespan of the organism. A schematic illustration
of the model is shown in Fig. 1.

Divisions

Stem cell generations

HG

−α

H0

3 mutations

2 mutations

1 mutation

0 mutations

Stem Cell

FIG. 1. (Color online) Schematic illustration of the model. The
flow of time follows the dashed arrows. Initially, a stem cell divides.
One daughter cell specializes into a somatic cell, which proliferates
until it reaches the Hayflick limit and goes senescent (first vertical
row). The daughter stem cell then divides to produce a new daughter
stem cell and a new generation of somatic cells (subsequent vertical
rows). For each generation the Hayflick limit HG is reduced by a
constant amount α. At every cell division, somatic cells and stem cells
have the probabilities p and psc, respectively, to acquire cancerous
mutations. Mutations in stem cells are permanent, while mutations in
somatic cell lineages are lost when the cell line reaches the Hayflick
limit. When the system has accumulated more than Cm mutations
(which in this illustration is 2), the organism will have developed
cancer. The total cancer-free lifespan is thus the sum of all somatic
divisions.

In Appendix A we present an extended model that explores
the consequences of a larger somatic cell population main-
tained by a smaller stem cell pool and demonstrate that it yields
results qualitatively similar to those of the model presented in
this paper.

III. THEORETICAL ANALYSIS

In this section we derive a mathematical expression for the
average cancer-free lifespan obtained for different telomere
shortening strategies.

Each time a stem cell is introduced to the tissue, the Hayflick
limit is reduced from its initial value H0 due to the telomere
shortening of the stem cell. After G generations the Hayflick
limit HG is given by

HG = �H0 − αG�, (1)

where � � denotes rounding to the nearest integer. During each
of the subsequent HG cell divisions, the cells have a probability
p of acquiring a cancerous mutation. The probability F (x) that
the cell line acquires x or fewer mutations before it reaches the
Hayflick limit is given by the Binomial cumulative distribution
function

F (x) =
x∑

i=0

(
HG

i

)
pi(1 − p)HG−i . (2)

At each stem cell division there is a risk psc of acquiring a
permanent mutation in the stem cell lineage. The probability
for the organism to have j mutations in the stem cells after G

generations, but still be cancer free, is denoted SG,j . This is
given by the recurrence relation

SG+1,j = [SG,j (1 − psc) + SG,j−1psc]F (Cm − j ), (3)

where the expression in square brackets is the probability
of having j mutations in the stem cell and F (Cm − j ) is
the probability of not exceeding the critical number of Cm

mutations during the somatic divisions, thereby developing
cancer. The initial stem cell is unmutated, S0,0 = 1, so in terms
of the Kronecker delta the starting condition is

S0,j = δ0j . (4)

Using Eqs. (3) and (4), the system can be solved nu-
merically. Notice that when α > 0, the Hayflick limit will
eventually drop to zero, after which the stem cell undergoes
senescence even if the cell line is still cancer free. According
to Eq. (1) this will happen after H0−0.5

α
generations, which

therefore gives an upper bound for the total cancer-free lifespan
of the organism. The overall probability that the organism will
not have developed cancer at a given generation is defined as

SG =
{∑

j SG,j for G � H0−0.5
α

0 for G > H0−0.5
α

.
(5)

The average cancer-free lifespan 〈L(H0,α)〉 is the mean
number of cell divisions the organism will live before ex-
ceeding the critical number of mutations. It can be found by
multiplying the probability of getting cancer at each generation
(SG − SG+1) by the number of cancer-free generations and the
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average Hayflick limit each of these consisted of

〈L(H0,α)〉 =
∞∑

G=1

(SG − SG+1)G
H0 + HG

2
. (6)

When α = 0 the Hayflick limit H0 is constant and Eq. (6)
becomes

〈L(H0,0)〉 = H0

∞∑
G=1

SG. (7)

Note that for this case SG will never reach 0 and a cutoff is
necessary. This is made when SG < 10−5 and has negligible
influence on the cancer-free lifespan.

IV. RESULTS

We now fix the ratio between the mutation probabilities
such that p

psc
= 100 according to [26,27] and set p = 10−2 and

Cm = 6. These choices of parameter values are not essential
for the conclusions and other choices yield qualitatively similar
results (see Appendix A).

The average cancer-free lifespan is calculated from
Eqs. (6) and (7) and their performance compared to the strategy
with no stem cell telomere shortening that yields the longest
cancer-free lifespan, as obtained from Eq. (7). The result is
shown in Fig. 2, where three strategies for further study are
labeled in the following way.
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FIG. 2. (Color online) Deviation in average cancer-free lifespan
for different initial Hayflick limits and shortening factors α compared
to the longest possible cancer-free lifespan for a constant Hayflick
limit (strategy 1). The overall longest cancer-free lifespan (strategy
2) is obtained for a higher initial Hayflick limit, which is then
slowly reduced through telomere shortening in stem cells. Strategy
3 has the same initial Hayflick limit as strategy 1 and the same
telomere shortening rate as strategy 2. Black arrows show how
different experimental setups can change the position in parameter
space through modifications of the initial Hayflick limit of stem
cells and the telomere shortening rate. A low initial Hayflick
limit and high telomere shortening rate cause premature aging due
to increased accumulation of senescent cells. The parameters are
Cm = 6, p = 10−2, and psc = 10−4.

Strategy 1. In this strategy stem cells express a telomerase
activity such that the telomere length of stem cells is constant
over time (α = 0). The initial Hayflick limit is chosen such
that the cancer-free lifespan is maximized.

Strategy 2. This strategy gives the longest cancer-free
lifespan when allowing stem cell telomeres to shorten at each
division (α > 0). Again, the initial Hayflick limit is chosen
such that the cancer-free lifespan is maximized. This results in
a larger initial Hayflick limit than for strategy 1.

Strategy 3. This strategy combines the initial Hayflick limit
from strategy 1 and the stem cell telomere shortening rate from
strategy 2. Note that this strategy yields a cancer-free lifespan
similar to that obtained for strategy 1.

The shorter the telomere length of stem cells is, the more
frequent is the need for self-renewal in order to maintain
homeostasis in the tissue. Every self-renewal is accompanied
by the risk of accumulating an additional permanent mutation
[27]. Therefore, a lower value for H0 increases the rate at
which mutations occur in the stem cells. Furthermore, a shorter
H0 will reduce the amount of cell divisions before stem cell
senescence, resulting in faster aging and a shorter maximum
cancer-free lifespan.

Keeping H0 fixed and downregulating the telomerase
production is equivalent to increasing α, thus moving upward
in Fig. 2. The higher α will suppress the risk of developing
cancer, as the risk can be managed by undergoing fewer
divisions before senescence. The higher turnover rate results
in systems where cancer is rarely developed, but where the
cancer-free lifespan of otherwise healthy cell lineages is
limited by stem cells going senescent.

Upregulation of telomerase in stem cells results in a lower
α while upregulation of telomerase in somatic cells will
increase the proliferation potential, which is equivalent to
a higher H0. These two effects combined can therefore be
illustrated, in Fig. 2, as a shift downward to the right. This
shift of strategy can in small quantities be advantageous and
prolong life, but is also associated with an increased risk of
developing cancer since somatic cells are able to continue pro-
liferating for longer before the senescent fail-safe mechanism
sets in.

These observation are supported by Figs. 3(a) and 3(b),
which show the probability of the organism to still be cancer
free as a function of time, for each of the strategies 1, 2, and 3.
Surprisingly, we see that strategy 2, which yields the longest
cancer-free lifespan, is also the one that is most exposed to
cancer early in life. This strategy benefits from less stem cell
attrition late in life, thereby supplying the system with fewer
mutated cells, which in the end increases the average time
before cancer development. Minimizing the risk of developing
cancer at an early age can be done by lowering H0, raising α,
or both. With strategy 3 a higher percentage of a population
would therefore still be cancer free early in life compared to
strategies 1 and 2, which have similar or longer cancer-free
lifespans.

These results indicate that evolution would favor species
with a restricted telomerase production in their stem cells
above species that maintain their stem cell telomere length
fully throughout life. This shortening rate can then be adjusted
such that a lower cancer risk is obtained at the childbearing
age, thereby increasing the chance of giving birth. Therefore,
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FIG. 3. (Color online) Probability of not yet having developed
cancer as a function of time for different telomere shortening
strategies. (a) For all three strategies, the probability slowly decreases
with time. Only very few individuals will develop cancer later than
twice the mean cancer-free lifespan of the population. (b) Probability
of not yet having developed cancer for strategies 2 and 3 compared
to strategy 1. Strategy 2, which has the longest average cancer-free
lifespan, will have a higher probability of cancer development early
in life. Strategy 3, which has a low initial Hayflick limit, is able to
postpone cancer until later in life.

strategies that solely optimize cancer-free lifespan may not
be advantageous from an evolutionary point of view if they
increase the risk of cancer early in life when reproduction takes
place, as seen with strategy 2. We also find that a cancer-free
lifespan for some strategies, e.g., strategy 3, can be prolonged
even further if telomerase is upregulated at a later stage in life
(see Appendix A).

Strategy 3 and other stem cell shortening strategies are
not without downsides, as the somatic cells will undergo
senescence after fewer and fewer divisions. Shorter telomeres
and an accumulation of senescent cells are closely related to
biological aging [6,28], hence strategies that suppresses cancer
early in life by shortening their telomeres are associated with
accelerated aging.

V. DISCUSSION AND CONCLUSION

In our model a decrease of telomerase activity (TERT or
TERC) leads to a faster shortening of stem cell telomeres
per cell division. Our model predicts that any reduction of
telomerase activity decreases the risk of cancers early in
life, but at the same time causes a higher rate of stem

cell replications. The increased replication rate leads to an
increased rate of cancerous mutations in the stem cells.
For certain regimes the advantages of telomerase activity
downregulation resulting in a low risk of cancer early in
life is outweighed by the higher risk of cancer later in life
and therefore the total cancer-free lifespan of the organism
is reduced. Qualitatively similar results were seen when
exploring the effect of population size (see Appendix A) with
the advantages being even more significant.

The increased cancer risk when telomerase is removed was
observed in a study by González-Suárez et al., where they
found a slight increase in oncogenesis in highly proliferating
tissue for TERC deficient mice [29]. In addition, our model
also predicts that stem cells will go senescent faster and
therefore cause faster aging. This is also consistent with
experimental observations; in a TERC mouse study Lee et al.
found that a lack of telomerase caused the mice to present
premature aging symptoms, especially in highly proliferating
tissue [30]. Our model demonstrates that telomerase upregula-
tion in general leads to an organism more prone to developing
cancer, which was observed experimentally by González-
Suárez et al. [31]. Furthermore, the model predicts that a
temporal induction of telomerase could increase cancer-free
lifespan (see Appendix A). If the organism starts with a
moderate telomerase activity and then increases the activity,
the organism could prevent cancer onset at an early stage of
life and postpone aging, thereby increasing longevity. A recent
study by Bernandes de Jesus et al. supports this result. By
inducing telomerase activity in adult mice, they were able to
increase longevity without increasing the risk of cancer [32].

Additionally, it has been shown that when comparing
two types of TERC deficient mice with different genetic
backgrounds—one type with initially shorter telomeres and
one with normal initial telomere length—the mice with shorter
telomeres show decreased viability, not due to cancer, but
due to premature aging [33,34]. Our model demonstrates that
decreasing H0 leads to a faster attrition of the stem cell pool
and therefore faster aging.

In conclusion, our model offers an explanation as to why
stem cells express telomerase at a moderate level such that
their telomere lengths are not conserved but are shortened at
a lower rate than in somatic cells. Furthermore, our results
suggest that, in stem cells, evolution will favor short initial
telomeres that are slowly shortened at each division (strategy
3), as this strategy is able to reduce the likelihood of cancer
early in life.
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APPENDIX A: EFFECTS OF SYSTEM SIZE
AND DIVISION RULES

Population size effects can play an important role in
stochastic cancer models [23,24]. We present here an extended
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model that explores the consequences of a larger somatic
cell population maintained by a smaller stem cell pool and
demonstrate that it yields results qualitatively similar to those
of the model presented in this paper.

The system contains Ns = 10 undifferentiated stem cells
and a tissue consisting of N = 100 somatic cells. At t = 0 all
stem cells and tissue cells have the same Hayflick limit H0.
In each system update one tissue cell is chosen at random for
division. If the Hayflick limit of this cell is greater than zero
the cell divides and the Hayflick limit of both daughter cells
is decreased by one. Subsequently, another randomly selected
tissue cell undergoes apoptosis to keep the total number of
tissue cells constant. If the Hayflick limit of the dividing
cell is below zero, the cell will go senescent. A randomly
selected stem cell will then divide and one of its daughter cells
will replace the senescent tissue cell. During the division the
Hayflick limit of both daughter stem cells is shortened by α.
Like in the analytical model, each cell division is associated
with a risk of accumulating a mutation. This is p = 10−2 for
tissue cells and psc = 10−4 for stem cells. All daughter cells
will inherit the mutations of their mother cells. One time step is
defined as N system updates, that is, when each tissue cell on
average has been selected once. The simulation runs until any
tissue cell or stem cell has accumulated more than Cm = 6
cancerous mutations or when the last stem cell undergoes
senescence, which restricts the system from further tissue
maintenance.

The results of the simulations yield results qualitatively
similar to those of the analytical approach. Exploring the
phase space in Fig. 4 shows that a wide range of shortening
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FIG. 4. (Color online) Deviation in average cancer-free lifespan
for different initial Hayflick limits and shortening factors α compared
to the longest possible cancer-free lifespan for a constant Hayflick
limit (strategy 1) of the extended model. As in the analytical model,
the overall longest cancer-free lifespan (strategy 2) is obtained
for a higher initial Hayflick limit, which is then slowly reduced
through telomere shortening in stem cells. In the extended model,
the increase in cancer-free lifespan is approximately twice as large.
Strategy 3 has the same initial Hayflick limit as strategy 1 and the
same telomere shortening rate as strategy 2. The parameters are
Cm = 6, p = 10−2, and psc = 10−4. The lifetimes are averaged over
5000 simulations.
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FIG. 5. (Color online) Probability of not yet having developed
cancer as a function of time for different telomere shortening
strategies. All results are qualitatively similar to the results of the
analytical model of the main text. (a) For all three strategies, the
probability slowly decreases with time. The two sharp drops occur
when the first cells in the stem cell pool begin to undergo senescence.
(b) Probability of not yet having developed cancer for strategies 2
and 3 compared to strategy 1. Strategy 2, which has the longest
average cancer-free lifespan, will have a higher probability of cancer
development early in life. Strategy 3, which has a low initial Hayflick
limit, is able to postpone cancer until later in life. The parameters of
both panels are Cm = 6, p = 10−2, and psc = 10−4. The results are
averaged over 100 000 simulations.

strategies can prolong the cancer-free lifespan compared to the
performance of the best strategy without stem cell telomere
shortening (α = 0). Furthermore, the total increase in the
cancer-free lifespan by moderate stem cell telomere shortening
is significantly larger in the extended model (∼8%) than in the
analytical model (∼4%).

As in the main text, we choose three strategies from
the simulations for further investigation: strategy 1, which
yields the longest cancer-free lifespan for α = 0; strategy 2,
which yields the longest cancer-free lifespan for α � 0; and
strategy 3, the combined strategy that has H0 as strategy 1
and α as strategy 2. As can be seen in Figs. 4 and 5, the
cancer-free lifespans of strategies 2 and 3 are significantly
longer than for strategy 1. Furthermore, strategy 3 does not
have an increased risk of cancer early in life. These results are
qualitatively similar to the results of the analytical model of the
main text.
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FIG. 6. (Color online) Deviation in average cancer-free lifespan
for different initial Hayflick limits and shortening factors α compared
to the longest possible cancer-free lifespan for a constant Hayflick
limit (black dot). Decreasing Cm reduces the benefit one can obtain by
shortening the stem cell telomeres in order to maximize the cancer-
free lifespan compared to the strategy with a constant Hayflick limit.
The parameters are Cm = 4, p = 10−2, and psc = 10−4.

APPENDIX B: CHOICE OF PARAMETERS DOES NOT
AFFECT QUALITATIVE RESULTS SHOWN IN THE PAPER

We here present three cases where the value of one
parameter is varied, compared to those used for generating
Fig. 2 in the article, while the two others are kept constant. We
show again that some shortening strategies can both prolong
life and postpone cancer early in life and that the benefits of
this depend on the choice of parameter values. The black dot
on the figures represents the strategy with a constant Hayflick
limit that produces the longest cancer-free lifespan. First we
keep p and psc fixed and change Cm to 4 (see Fig. 6). Second,
the stem cell mutation rate psc is increased by a factor 10, with
Cm and p kept fixed (see Fig. 7). Finally, the mutation rate for
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FIG. 7. (Color online) Keeping Cm and p fixed but increasing psc

by a factor 10 results in optimal strategies with higher H0 and α as
stem cells should be introduced less frequently due to their increased
mutation probability. The parameters are Cm = 6, p = 10−2, and
psc = 10−3.

25 30 35 40
0

2

4

6

x 10

H
0

-40

-30

-20

-10

0

1

2

3

P
e

rc
e

n
t 

d
e

v
ia

ti
o

n
 f

ro
m

 t
h

e
 m

e
a

n
 c

a
n

ce
r-

fr
e

e

 li
fe

sp
a

n
 o

f 
st

ra
te

g
y 

 in
d

ic
a

te
d

 b
y 

FIG. 8. (Color online) Increasing the mutations rate for somatic
cells will shift the optimal strategies towards lower H0 and α as stem
cells should now be introduced more frequently. The parameters are
Cm = 6, p = 2 × 10−2, and psc = 10−4.

somatic cells p is increased by a factor 2, with Cm and psc

kept unchanged (see Fig. 8).
In order to verify that life can be prolonged by adding

telomerase later in life, we present here one example of how
this could occur. In this example we compare strategy 3 with
strategy 3*. Strategy 3* has the same initial conditions as
strategy 3, but will, when reaching HG = 39, double its
telomerase production (halving α) for the remaining cancer-
free lifespan. With this upregulation in telomerase production
the longevity can be increased. The increased cancer-free
lifespan relies solely on the ability to postpone stem cell
senescence by stimulating it with telomerase. The steep peak
in Fig. 9, which is seen after a time 2.1 longer than the mean
cancer-free lifespan, is caused by the stem cells of strategy 3
going senescent so SG immediately drops to 0.
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FIG. 9. (Color online) Increased probability to be cancer free
for two strategies with same initial conditions but with strategy 3*
having an upregulation of telomerase later in life. The upregulation
(lower α) leads to slightly increased cancer risk, but the strategy
turns advantageous later on, as the increased telomerase production
postpones the time at which the stem cells go senescent. The stem
cells of strategy 3 go senescent shortly after a time 2.1 longer
than the mean cancer-free lifespan, whereas this is postponed for
strategy 3*.
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Abstract

The asymmetric distribution of damaged cellular components has been observed in species ranging from fission yeast to
humans. To study the potential advantages of damage segregation, we have developed a mathematical model describing
ageing mammalian tissue, that is, a multicellular system of somatic cells that do not rejuvenate at cell division. To illustrate
the applicability of the model, we specifically consider damage incurred by mutations to mitochondrial DNA, which are
thought to be implicated in the mammalian ageing process. We show analytically that the asymmetric distribution of
damaged cellular components reduces the overall damage level and increases the longevity of the cell population.
Motivated by the experimental reports of damage segregation in human embryonic stem cells, dividing symmetrically with
respect to cell-fate, we extend the model to consider spatially structured systems of cells. Imposing spatial structure
reduces, but does not eliminate, the advantage of asymmetric division over symmetric division. The results suggest that
damage partitioning could be a common strategy for reducing the accumulation of damage in a wider range of cell types
than previously thought.
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Introduction

Despite the numerous repair and degradation processes

involved in cell maintenance, over time cells accumulate damaged

and deteriorated material [1–3]. This accumulation of damage has

been linked to the decline in replicative function and increased risk

of apoptosis associated with cellular ageing[4–9].

In some unicellular organisms, damaged cellular components

are segregated preferentially to one daughter cell during division

and this asymmetry is thought to have evolved as a strategy for

ensuring the longevity of the lineage [10,11]. In the budding yeast

Saccharomyces cerevisiae, such differential inheritance has been

documented for senescence factors including extra-chromosomal

rDNA circles [9], oxidatively damaged proteins [6,10], and

defective mitochondria [8,12]. When followed over successive

generations, the division and growth rate of the mother cell

receiving the damaged components is seen to decline [13,14],

whereas the daughter cell displays full replicative potential.

Differential inheritance of damaged proteins has been docu-

mented for epithelial stem cells in the intestine, which divide

asymmetrically to produce a stem cell and a differentiated cell

[15]. With the exception of germ-line cells and differentiating stem

cells, mitosis in mammalian cells is commonly thought to occur

symmetrically with the equal distribution of cellular components

between daughter cells [2]. However, human embryonic stem cells

undergoing self-renewing divisions have been found to segregate

irreversibly damaged proteins preferentially to one daughter cell

[16]. In the study by Fuentealba and colleagues (2008), cell-fate

determinants were distributed equally between daughter cells, but

proteins targeted for degradation were segregated asymmetrically.

Likewise, several other species assumed to reproduce by morpho-

logically symmetric division have been found to distribute

damaged proteins asymmetrically [14,17].

The experimental evidence suggests that asymmetric partition-

ing of damage is a more common strategy than previously thought.

Several mathematical models have been developed to study the

role of damage segregation in unicellular organisms [11,18–21].

However, the effect of damage segregation on the ageing process

of mammalian tissue - i.e. a multicellular system of somatic cells

that do not rejuvenate at cell division - has not previously been

explored. Furthermore, the existing computational models of

damage segregation assume that the spatial organization of cells

does not significantly impact the population dynamics. This may

be a valid assumption for yeast, however, stem cells tend to inhabit

microenvironments - known as stem cell niches - with a high

degree of spatial structure that is instrumental in regulating stem

cell fate [22].

We therefore developed a mathematical model to study damage

segregation in cell populations with and without spatial structure.

In the model, each daughter cell receives an amount of damage at

least equal to the pre-divisional cell. This makes the model

applicable to the description of cellular components where damage

is duplicated during the cell cycle. In most cells, intracellular

degradation processes are active and consequently the amount of
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damage accumulates more slowly than in our model. We consider

the limiting case where damage is irreversible.

To illustrate the applicability of the model, we consider the

specific case of damage incurred by mutations to mitochondrial

DNA (mtDNA). The accumulation of defective mitochondria in

ageing tissue is thought to be a major contributor to cellular ageing

and has been linked to a variety of degenerative diseases [1].

Differential inheritance of defective mitochondria has been

documented in budding yeast [3,5,8,12], but an active process of

mitochondrial selection may also occur in mouse ovarian germ

cells [23,24]. The model presented here demonstrates the potential

benefits of such segregation.

Methods

To study the accumulation of damage and the associated

decline in the longevity of a population of cells, we developed a

mathematical model of N cells undergoing division and apoptosis,

within a tissue that is homeostatic with respect to the number of

cells. The damage level of a cell is denoted d and represents the

accumulation of mitochondrial DNA mutations; d differs between

cells and changes over time as each cell acquires additional

damage. In the model, the probability of a cell going apoptotic is,

in each time step, proportional to its damage level d. The

apoptotic cell is removed from the tissue and immediately

afterwards another cell divides to replace it. This mechanism

ensures tissue homeostasis. The damage level of the dividing cell is

denoted d ’ to distinguish it from that of the apoptotic cell.

Each cell contains multiple copies of mtDNA packaged into

protein aggregates called nucleoids, with an average of 1:4

mtDNA molecules per nucleoid [25]. During the cell cycle, the

number of nucleoids and mtDNA copies doubles. The mitochon-

drial genome is replicated and deletion-mutations and point-

mutations are duplicated [26,27]. It has been shown that

nucleoids, in general, do not exchange genomic material

[25,28]. In the model, we consider the limiting case of irreversible

damage from mutations to mitochondrial DNA. Consequently,

each daughter cell, as a minimum, inherits the damage level d ’ of

the parent cell.

Between cell divisions, the mitochondrial genome may acquire

additional damage 2D, this occurs with a probability p. The

mechanisms for segregation of mitochondrial DNA at cell division

are not fully understood [29]. Rather than attempting to model the

segregation mechanism, we consider the limiting cases of

completely symmetric or completely asymmetric segregation of

additional damage. No cells are allowed a damage level that

exceeds 1.

Thus, the three parameters of the model are (i) the initial

damage level d0 of all cells, (ii) the probability p of acquiring

additional mutations between cell divisions, and (iii) the additional

damage accumulated during the cell cycle 2D. We will also refer to

D as the fragility of the system, in accordance with previous work

[30]. The dynamics of the model are shown schematically in

figure 1.

In addition to the well-mixed system, we also consider the effect

of spatial structure. This is done by considering a system of cells

arranged on a one dimensional line, with periodic boundary

conditions, and imposing the constraint that cells undergoing

apoptosis can only be replaced by proliferating neighbouring cells.

Figure 1. Schematic presentation of one time step of the computational model. Different colors correspond to different damage levels. In
each time step of the computational model, a cell is selected at random. The cell has a probability of going apoptotic, given by its damage level d , in
which case another random cell, with damage level d ’, proliferates to replace it. If the selected cell does not go apoptotic, it remains in the cell
population unchanged. The probability that the mitochondrial genome has acquired additional damage 2D since the last cell division is p. The
daughter cells therefore have a probability 1{p of inheriting a damage level of d and a probability p of inheriting additional damage. This may be
distributed symmetrically, with both cells receiving dzD damage, or it may be segregated asymmetrically, leading to one cell with a damage level of
d and one with a damage level of dz2D. We define one time unit of the simulation to be N time steps, such that, on average, each cell is selected
once per time unit.
doi:10.1371/journal.pone.0087917.g001
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Mathematically, a system of cells arranged spatially in two or three

dimensions falls in between the one-dimensional and the well-

mixed (mean field) case. Consequently, results that hold for both

the one-dimensional and the well-mixed system can be expected to

generalize to the case of two and three dimensions.

The mathematical model was written in MATLAB and C++,

and the code is available upon request. Simulations were carried

out for different parameter values, system sizes, with symmetrical

or asymmetrical replication, and with and without spatial

structure.

Results

As the simulation progresses, cells gradually acquire mtDNA

mutations and the average damage level of the system d
increases from the initial value of d0. Since mutations are

irreversible, the steady state where ~1 is absorbing.

However, as seen in figure 2a, an additional transient steady state

exists, characterized by a damage level d�
sym for symmetric

divisions and d�
asym for asymmetric division. The steady state is

sustained by cells with high levels of damage more frequently

going apoptotic and being replaced by cells with fewer mtDNA

mutations. As seen in figure 2a, the steady state damage level is

higher when damage is distributed symmetrically upon cell

divisions than when damage is segregated.

The steady state is only temporarily stable; eventually the

fraction of cells, P0, with the initial damage level, fluctuates down

to zero and the system collapses to the state ~1.

Biologically, this corresponds to the cell population having finite

longevity. The characteristic time for this process is denoted by

tsym and tasym for the symmetrically and asymmetrically dividing

system, respectively. Comparing the dependence of t on the

parameters p and D in figure 2b in the symmetric and asymmetric

case, it is evident that damage segregation dramatically increases

the longevity of the cell population. This is in agreement with the

results of Erjavec and co-workers [18]. As expected, a decrease in

the mutation probability p or the initial damage level d0 also

increases the characteristic time for the collapse of the system,

provided that Dv0.

Somewhat counterintuitively, increasing the fragility D leads to

a more stable system, as may also be seen from figure 2b. As

reported elsewhere [30], if the acquired damage is associated with

a high likelihood of apoptosis, defective cells are more effectively

replaced by less damaged cells, thereby reducing the overall

damage level of the system.

In a well-mixed system, where an apoptotic cell can be replaced

by any proliferating cell, the characteristic time for the transient

steady state increases drastically with system size, as seen in

figure 3. The figure also shows the results for a one-dimensional

spatially structured system of cells with either symmetric or

asymmetric distribution of damage. In both cases, a transient

steady state exists for same parameters d0, p, and D. As in the well-

mixed system, damage segregation increases the longevity of the

cell population. However, imposing spatial structure diminishes

the effect of system size and reduces the stability of the system since

there is a tendency for defective cells to be replaced by other

defective cells.

Figure 4a and 4b show how the damage level of the system

develops over time for a spatially structured system where damage

is distributed symmetrically and asymmetrically, respectively. Cells

that go apoptotic can only be replaced by neighbouring cells,

which locally leads to strong correlations in damage levels and to

the propagation of mutant mtDNA in the population. In both

plots, clusters of defective cells develop and expand in space, but it

is more pronounced in the system without damage partitioning.

The boundary between clusters with many mutations and clusters

with few, will perform a random walk with a drift towards the

defective group, since these are more likely to be removed by

apoptosis.

As the simulations demonstrate, the system displays a transient

steady state for both symmetric and asymmetric distribution of

damage. For a well-mixed system in this regime, the mathematical

model presented above is analytically tractable.

In a system proliferating by symmetric division, a cell with i

mutations is assigned a damage level of di~d0ziD. The fraction

of such cells in the system is denoted P
sym
i . This fraction decreases

if a cell goes apoptotic (which occurs at a rate of diP
sym
i ) or if it

acquires additional mutations before dividing to replace an

apoptotic cell (rate d�
sympP

sym
i ). The fraction increases if the cell

does not mutate prior to cell division (rate d�
sym(1{p)P

sym
i ). If a

cell with i{1 mutations acquires an additional mutation before

dividing, two new cells, each with i mutations, are generated. This

Figure 2. a) Damage level development. Cell populations that
divide asymmetrically have a smaller average damage level SdT and a
higher fraction P0 of cells with the initial damage level, compared to
cells that divide symmetrically. When the number of undamaged cells
fluctuates down to zero, the average damage level will quickly increase
from the steady state value d� to 1, corresponding to a system collapse.
This happens after a characteristic time t. Parameters used: N~500,
d0~0:1, p~0:35, D~0:1. Other choices of parameters yield similar
results. b) Stability of steady state. The time t before system
collapse decreases with the mutation probability p and increases with
higher mitochondrial fragility D. Notably, cell populations that divide
asymmetrically stay in steady state for much longer time than
populations with symmetric division. White circles represent the set
of parameters used in panel a.
doi:10.1371/journal.pone.0087917.g002
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occurs at a rate of d�
sympP

sym
i{1 and, consequently, P

sym
i increases at

twice this rate. The equations governing the system are

_PP0
sym

~({d0zd�
sym(1{2p))P

sym
0 ð1Þ

_PPi
sym

~({dizd�
sym(1{2p))P

sym
i z2d�

sympP
sym
i{1, ð2Þ

Here the dot represents differentiation with respect to time.

In steady state the left hand side vanishes, turning (1) into an

expression for the steady state damage level d�
sym, which may be

inserted into (2) to yield a recurrence relation for the steady state.

d�
sym~

d0

1{2p
ð3Þ

P
sym
i ~

2p

1{2p

d0

iD
P
sym
i{1 ð4Þ

The normalized solution to 4 is a Poisson distribution with

mean lsym.

P
sym
i ~

lisym
i!

exp ({lsym) ð5Þ

lsym~
2p

1{2p

d0

D
: ð6Þ

From (3) it is evident that, for pv 1{d0
2

, the steady state value

d�
sym only takes values between 0 and 1. This is in agreement with

the observations in figure 2b.

Figure 3. Effect of spatial structure and damage segregation. For well mixed systems, where apoptotic cells can be replaced by any other
dividing cell in the population, the time t before system collapse increases drastically with the number of cells in the population. In systems with
spatial structure, where apoptotic cells can only be replaced by neighboring cells, t saturates with increasing N , corresponding to an Jeffective
system size for each cell. Both for spatial and well mixed systems, asymmetric division significantly increases the longevity of the cell population
compared to symmetrically dividing populations of the same size. Notice that the asymmetric well mixed system has been studied using smaller cell
populations due to the more rapid divergence of t relative to the symmetric well mixed system. Each data point represents the median time before
collapse out of 20 simulations. Parameters used: d0~0:1, p~0:1, D~0:01. Other choices of parameters yield similar results.
doi:10.1371/journal.pone.0087917.g003
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In a system where damage is distributed asymmetrically, one

daughter cell receives all mitochondrial DNA mutations the

mother cell has accumulated since last division, and as a result the

damage level of the cell increases by 2D. The probability of having

a cell in the system that has received the mutational increment in k

of the cell divisions it has undergone is given by P
asym
k . Following

the same procedure as above, we obtain the governing equations.

_PP0
asym

~({d0zd�
asym(1{p))P

asym
0 ð7Þ

_PPk
asym

~({dkzd�
asym(1{p))P

asym
k zd�

asympP
asym
k{1 : ð8Þ

As before, demanding that the time derivatives vanishes, yields a

steady state damage level of d�
asym and a Poisson distribution for

the mean number of mutational increments per cell lasym:

d�
asym~

d0

1{p
ð9Þ

lasym~
p

1{p

d0

2D
ð10Þ

P
asym
k ~

lkasym
k!

exp ({lasym): ð11Þ

From the analytical treatment of the model, the damage levels

at steady state are d�
sym~d0zlsymD and d�

asym~d0z2lasymD. As

seen in figure 2a, these values are in agreement with the results of

the computational simulation.

From (3) and (9) it is evident that d�
symwd�

asym for all parameter

values. This implies that asymmetric segregation of damage is a

more effective mechanism for reducing the amount of mtDNA

damage accumulated in the population, than symmetric division.

The mean number of cells with the initial damage level is given

by N
sym
0 ~N: exp ({lsym) and N

asym
0 ~N: exp ({lasym). Since

lsymwlasym, cell populations that partition damage have a larger

proportion of unmutated cells at steady state and consequently

tasymwtsym for the same set of parameters. Asymmetric segrega-

tion of damage thus increases the longevity of the population.

When the number of cells with the initial damage level

fluctuates down to zero, a new steady state can be identified

using the substitutions d0?d0zD and d0?d0z2D for the

symmetric and the asymmetric system, respectively. However,

this increases the mean number of mutations, making these new

steady states less stable. This explains the rapid collapse of the

system observed in figure 2a.

Discussion

The mathematical model presented here demonstrates that the

asymmetric distribution of damage reduces the overall damage

level and increases the longevity of a population of cells in both

spatially structured and unstructured systems. We have shown

analytically that these results hold for all parameter values,

implying that damage segregation, in this model, is always

advantageous. This is in agreement with several computational

studies published recently [11,18–21].

In their model, Erjavec and colleagues (2008) assume that

damaged proteins have no intrinsic toxicity but that their

accumulation prolongs the time it takes for the cell to acquire

the critical number of intact proteins required for cytokinesis.

Given that condition, damage partitioning enhances the popula-

Figure 4. Time development of a spatially organized cell
population that divides symmetrically (a) and asymmetrically
(b). Initially, all cells have damage level d0~0:1, but soon clusters of
damaged cells occur. The boundary between damaged and less
damaged clusters performs a random walk with a drift towards the
more damaged cells, since these are less likely to go apoptotic.
Eventually the system will collapse to a state where all cells have
damage level d~1. This happens much sooner for a symmetrically
dividing cell population than for one that divides asymmetrically. The
parameters are: N~1000, p~0:1, D~0:01. Other choices of parameters
yield similar results.
doi:10.1371/journal.pone.0087917.g004
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tion fitness of a unicellular organism and allows the lineage to

withstand higher levels of damage before system collapse for all

damage rates analysed.

The work by Ackermann and colleagues (2007) demonstrates

that the advantage of segregating damage depends on how the

damage accumulated in a cell affects survival and reproduction.

Their results indicate that asymmetry is selected for evolutionarily

if asymmetric phenotypes have at least the same expected number

of surviving progeny as symmetric phenotypes.

In the model presented here we have assumed that the

probability of a cell going apoptotic is proportional to its damage

level, which corresponds to the case of a linear survival function in

[11] and our results are therefore in agreement. This form of the

survival function has been validated experimentally in the

bacterium Caulobacter crescentus [11]. Furthermore, even though

Escherichia coli reproduces by morphologically symmetric divi-

sion, studies have found that the cell inheriting old components

exhibits a decreased reproductive output and an increased

probability of apoptosis [14].

An important distinction between our work and that of [18] and

[11] is that we consider cells that are not rejuvenated at cell

division. Rather, each daughter cell receives an amount of damage

at least equal to that of the predivisional cell. This makes the

model applicable to defective mitochondrial DNA and other

cellular components known to be duplicated during cell division. If

damage is diluted at division - either by the repair of damage or

the production of undamaged copies - a steady state similar to the

one described here will occur when dilution balances the rate at

which new damage is accumulated. In this case, the steady state

will be permanent and the longevity of the cell population will no

longer be finite.

The models presented in [11,18–20] describe a population of

unicellular organisms and the focus is therefore on how damage

segregation affects the growth rate. Our model, on the other hand,

considers somatic cells within a tissue and hence the population

size is kept constant.

Mechanisms for actively generating damage asymmetry are well

established in several organisms [31] and these mechanisms

appear to be able to accommodate changes in environmental

conditions that affect the damage load cells are exposed to. In

budding yeast, increasing the levels of oxidatively damaged

proteins increases the damage asymmetry between the mother

and daughter cell [10]. Furthermore, a mutant strain of budding

yeast, characterized by the inability to segregate functioning

mitochondria preferentially to the daughter cell, suffered an

extensive loss of viability resulting in clonal senescence [8]. This is

consistent with the expectations of the model presented here.

As well as damage asymmetry, the process of cell division may

in itself be important for stabilizing the population. In mammalian

cells, defective mitochondria have been shown to accumulate to a

greater extent in post-mitotic tissues, such as brain and muscle,

than in dividing tissue [32–34].

Our investigation of the effect of spatial structure was motivated

by experimental reports of the asymmetric distribution of damage

in dividing stem cells [15,16]. The result that segregation reduces

the level of damage accumulated in spatially structured cell

populations suggests that it could be a strategy for reducing stem

cell ageing even for cells that divide symmetrically with respect to

cell fate.

The model presented here extends the theoretical framework

for investigating the potential benefits of damage partitioning to

multicellular organisms and spatially structured systems. Our

results indicate that the asymmetric distribution of damage - and

in particular the segregation of defective mitochondria - is

advantageous in both spatially structured and unstructured

systems for all parameter values. Damage segregation might be a

common strategy even for somatic cells that are not rejuvenated at

cell division.
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Differential speed of diffusion as a kinetic mechanism for cell

sorting

Charlotte Strandkvist

March 17, 2014

1 Abstract

The motility of cells within aggregates depends on
their local environment. Yet, in the context of
cell sorting, motility has been regarded either as
random or treated as a property intrinsic to the
cell. We present a minimal model demonstrating
that segregation can emerge from differences in the
speed of diffusion due only to the composition of
the local environment each cell finds itself in. The
time course of segregation follows a power-law, in
agreement with the scaling observed experimen-
tally. The model addresses how the kinetics at the
level of individual cells give rise to the segregation
behaviour observed macroscopically. In particular,
it suggests how the differential adhesion hypothesis
may be recast as a kinetic mechanism.

2 Introduction

When cells of different type, from dissociated em-
bryonic tissue, are thoroughly intermingled and
then allowed to reaggregate, they spontaneously
self-assemble into domains homogeneous with re-
spect to cell type [1, 2, 3]. Such cell sorting has
also been observed for dissociated Hydra cells, co-
cultures of cells not in contact during normal devel-
opment, and mixtures of cells extracted from dif-
ferent species [4, 5, 6, 7].

Understanding how such segregation emerges
and is maintained, offers insight into the mecha-
nisms governing pattern formation, morphogenesis,
tissue homeostasis and cancer invasion. In partic-
ular, Foty and Steinberg have demonstrated that
malignant invasion may be regarded as a process
of cell sorting in reverse. As tumours become inva-
sive, cancer cells become miscible with healthy cells

and the ability of the tissue to maintain compart-
mentalization is lost [8].

The segregation of cells into homotypic do-
mains is phenomenologically similar to the phase-
separation of fluids [Steinberg, 2]. This analogy un-
derlies the differential adhesion hypothesis (DAH),
which posits that the adhesive interactions between
cells give rise to surface tension and that the equi-
librium configurations of the tissue are determined
by minimization of the surface energy [9, 10, 11,
12]. Subsequent computational implementations
[13, 14, 15, 16, 17 18] have formulated the DAH
in terms of an energy functional and used Monte
Carlo simulations to determine the minima of this
functional.

Since the method chosen to relax the system to
its equilibrium configuration is a matter of math-
ematical/computational convenience, such imple-
mentations of the DAH do not address the time
evolution of the system and reveal little about the
kinetics of cell sorting.

We here present a minimal model, related to
the Schelling model known from socioeconomics,
demonstrating that segregation can emerge from
differences in cell motility due only to the compo-
sition of the local environment each cell finds itself
in. The system we consider consists of two types of
cells that are symmetric in their intrinsic motility
properties. The motility of each cell is given by the
proportion of neighbouring cells of the same type.
The model is inherently a kinetic model and the
steady state segregated configurations emerge from
the local interactions of the cells, rather than being
written in a priori.

The idea of differences in motility driving segre-
gation dates back to a 1989-paper by Jones et al.
[19] They quantified the intrinsic motility proper-
ties of cells by their ability to migrate under an

1
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agarose layer and studied how these motility prop-
erties related to the cell sorting behaviour of mixed
suspensions. The paper was an attempt to counter
the prevailing emphasis on adhesion as the major
controlling factor in cell sorting; as Jones et al.
point out:

’Although it was evident that cells within aggre-
gates were motile, movement was regarded as ran-
dom and for this reason was assigned only an an-
cillary role in cell sorting.’

In fact, even when the direction of cell movement
is random, the speed of diffusion depends on the
local environment of the cell. Rieu and co-workers
studied the two-dimensional motion of single en-
dodermal Hydra cells in aggregates comprised of
either endodermal or ectodermal cells [20]. In
both environments the trajectories are character-
istic of persistent random motion, with persistence
dominating at small time scales. However, diffu-
sion is more than two times faster for endodermal
cells in an ectodermal environment, with diffusion
constants Dendo−ecto = 1.05 ± 0.4µm2/min and
Dendo−endo = 0.45± 0.2µm2/min.

Mathematical and computational models of seg-
regation behaviour have, nonetheless, focused on
intrinsic motility differences, assuming motility to
be an inherent property of the cell, rather than a
function of the local environment [21, 22, 23, 24].
In a compact aggregate of other cells, or in a tissue,
cells interact strongly with one another and factors
including adhesion, cytoskeletal dynamics, the vis-
coelastic properties of cells, and collective motion
all affect the motility of individual cells [20, 25, 3,
26, 27].

The model we present here is related to the
Schelling model, which, in the field of social sci-
ences, is the paradigm for studying segregation phe-
nomena at the scale of societies [28, 29, 30]. De-
veloped by Schelling in the 1960’s [31, 32, 33] it
describes a system in which agents of two species
move on a checkerboard according to a utility func-
tion defined by their current environment and the
environment they have the option of moving to. For
each agent, the utility of a site on the board is given
by the proportion of neighbouring agents that are
of the same species. As the system evolves, homo-
typic domains emerge, eventually leading to com-

plete segregation. Schelling thus demonstrated that
even weak individual preferences for homophily can
give rise to strong segregation. This type of model
has since been studied on networks, in continous-
space models, and analytically [34,35,36]. However,
its relevance for the dynamics of cellular systems
has not previously been explored.

To the best of our knowledge, all previous ver-
sions of the Schelling model include information
about the utility of alternative residence sites when
evaluating where to move to. We have developed
a Schelling-type model where cells only have ac-
cess to local information about their environment.
Volume exclusion effects are included in the model,
but are not necessary for the segregation behaviour
observed.

3 The model

A distinguishing feature of the model is that the
two cell types have the same intrinsic motility prop-
erties. Differences in motility arise only from the
heterogeneity of the local environment they find
themselves in.

The cells diffuse on a square continuous-space
plane, with sides of length L and periodic boundary
conditions. Each cell has a position ~xi, and moves
according to

~xi(t+ ∆t) = ~xi(t) + vi∆t, (1)

where we, without loss of generality, set ∆t = 1.
The total number of cells is N = L2. To ac-

count for volume exclusion, we introduce a radial
contact force fij that acts if the distance rij , be-
tween two cells i and j, is smaller than the range
r0 = 1.3 at which cells can sense their neighbours.
For hexagonal packing, the equilibrium distance be-

tween neighbouring cells is re =
√

2/
√

3 ≈ 1.07.

The contact force is repelling if the distance be-
tween two cells is smaller than equilibrium distance
re, and attractive if the it is larger:

fij =

{
1− rij

Re
for rij < r0

0 for rij ≥ r0
(2)

The volume exclusion effects are not necessary
for the cell sorting and we could equally well have
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chosen other functional forms that enforce an even
spacing of cells (see Supplementary Material).

Cell motion is random with respect to orientation
and, for each cell, the speed of diffusion depends on
the fraction, γi, of neighbouring cells of the oppo-
site type within a range r0.

γi =
n 6=

n= + n6=
(3)

Here n= is the number of cells of the same type
as i and n 6= is the number of cells of opposite type
within a distance r0 from the cell. The average of
γi over all cells is the interface index γ, which is a
common measure for the degree of segregation in
the system []. When γ ≈ 0 the two types of cells
are completely segregated. The velocity of a cell i
is given by

~vi =
α√
k
~ui + β

∑

j

fij~uij , (4)

where ~ui is a unit vector of random orientation,
~uij is a unit vector pointing from cell j to cell i, β
is the intensity of the contact force, and α is the
diffusion speed of a cell that is surrounded only by
cells of opposite type (γi = 1), and k determines
how much faster cells diffuse when surrounded by
cells of opposite type than of the same type.

Cells will continue with the same speed and di-
rection for a number of time steps Ti, after which
they will change speed and direction according to
(4). The model is summarized in Figure 1. The
persistence time is given by

Ti = 1 + γi(k − 1). (5)

Thus, when a cell has neighbours only of its own
type (γi = 0) we get Ti = 1, while a cell surrounded
by cells of opposite type (γi = 1) has Ti = k. A
longer persistence time, corresponding to less fre-
quent changes in direction, results in a higher speed
of diffusion.

Effectively, a cell can be described as performing
a random walk where each step is of length viTi and
takes a duration Ti (see Fig. 1). From this and (4)
we can derive the diffusion coefficent of a cell as a
function of γi, when contact forces are ignored.

D(γi) =
(∆x)2

∆t
=

(viTi)
2

Ti
= v2i Ti =

α2

k
(1 + γi(k − 1))

(6)

Figure 1: Illustration of the model. In the model,
each cell performs a random walk. The step length
does not vary, but the time between changes in
direction is determined by the local environment.
The persistence time is given by (5). In addition to
diffusive motion with random orientation, cells in-
teract with a radial contact force given by (2) that
ensures that cells are evenly spaced.

In particular, we can find the ratio between dif-
fusion contants of cells that are surrounded by op-
posite cell types or like cell types, respectively:

D(γi = 1)

D(γi = 0)
=

α2

α2/k
= k. (7)

This is our parameter of interest as it may be
related directly to the cell sorting experiments of
Rieu et al. [20].

The model could have been formulated such
that the local environment determined the veloc-
ity, rather than the persistence of motion, of each
cell. In the supplementary material, this version
of the model is described in detail and shown to
yield the same diffusion constants and segregation
behaviour as the persistence of motion model (see
Supplementary Material).

4 Results

As shown in Figure 2, the system evolves, via the
formation of homotypic domains, to a steady state
where the two phases are segregated. This demon-
strates that, even with complete symmetry in the
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t = 0; γ = 0.500 t = 40,000; γ = 0.322 t = 4,000,000; γ = 0.0829

Figure 2: Time course of the segregation process for
2500 cells. As the cells gradually gather in larger
clusters, the interface index γ decreases. The ratio
of the diffusion constants is k = 64.

intrinsic motility properties of the two cell types,
differential diffusion is a sufficient mechanism for
segregation.

The specific form of the contact force does not
affect whether segregation occurs in the system. In-
deed, β = 0 still results in segregation, but with the
cells unevenly dispersed (see Supplementary Mate-
rial). Consequently, we keep the parameters asso-
ciated with the contact force fixed. Similarly, the
parameter α relates to the balance between the con-
tact force and the differential diffusion term, and is
also kept fixed.

The interesting parameter in the system is the
ratio, k, of the diffusion constant for a cell sur-
rounded by cells of the opposite type (D(γi = 1))
and that of a cell surrounded by cells of the same
type (D(γi = 0)). Rieu et al. (2000) measured
the diffusion of endodermal cells, in an endoder-
mal or ectodermal environment, and found k to be
approximately 2.

Figure 3 shows how the degree of segregation in
the system, as measured by the interface index γ,
develops over time. As may be seen from the log-
log plot, the interface index decreases according to
a power-law, before saturating.

The figures shown are for k = 8 and k = 64.
For smaller values of k, the degree of segregation
reached is lower and for k = 2, almost no segrega-
tion occurs. Figure 4 shows the value of γ, at which
the system saturates, as a function on k.

5 Discussion

The differential adhesion hypothesis has been over-
whelmingly succesful in describing the eqilibrium
configurations of mixtures of cells. However, when
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Figure 3: Development of the interface index γ as
a function of time for k = 8 and k = 64. The
results are the average of 10 simulations and are
shown on linear and log-log. For high k a more
pronounced segregation is observed. The interface
index is seen to decrease according to a power law
until it saturates at an equilibrium value.

implemented in the Cellular Potts Model, the kinet-
ics of the segregation process depend on the choice
of Monte Carlo algorithm [13 15,18. As pointed out
by Glazier and Graner [14]:

’There are many possible ways to implement such
an area-constrained surface-tension Hamiltonian.
Since the true system is dissipative rather than con-
servative, the results of the model depend sensi-
tively on the choice of the dynamics.’

Cellular Potts Model implementations of the DAH
are, therefore, meaningful only for characterizing
the equilibrium configurations of the system, not
the time course of the segregation process.

In the model presented here, we have not spec-
ified the molecular mechanism(s) that govern how
the local environment determines the speed of dif-
fusion of each cell. The motility of a cell can be
a response to external cues, such as morphogens
or chemotactic substances, or result from cell-cell
interactions, including the adhesive properties of
cells [20, 25,26]. As demonstrated experimentally
[20, 27], cell motility appears to anti-correlate with
cell-cell adhesion, as strong adhesive interactions
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Figure 4: Value of the interface index γ, at which
the system saturates, as a function of k. The pa-
rameter k is the ratio of the diffusion constant of
cells surrounded by opposite or like cell types, re-
spectively. For large k, the system reaches a more
segregated configuration. The equilibrium inter-
face indices are calculated as averages over 105 time
steps after the equilibrium is reached.

increases the effective viscosity of the local envi-
ronment of the cell. Hence, the model suggest a
kinetic mechanism for cell sorting where differen-
tial adhesion gives rise to differences in the speed
of diffusion which in turn leads to the segregation
behaviour observed macroscopically.

Other models have investigated how diffences in
motility can lead to segregation behaviour, but
have tended to focus on intrinsic motility differ-
ences.

Beatrici et al. [22] consider a system of two types
of cells with speeds of constant modulus υ0 and υ1.
In each time step, the direction of a cell is deter-
mined by the average over the direction of the cell is
taken to be the average direction of its neighbours,
plus a noise term. They demonstrate that differ-
ences in the intrinsic motility properties of cells,
in concert with a tendency for cells to align their
motion, gives rise to segregation behaviour. The
model is similar to that of Belmonte et al. [21],
which combines locally coherent motion with dif-
ferential adhesion. The authors report that seg-
regation in this system is characterized by power-
law scaling of the interface index γ with time, and
they argue that even moderate amounts of coher-
ent motion considerably speeds up the segregation
process.

Using the Cellular Potts Model, Kabla [23] stud-
ied a system of motile and non-motile cells in equal
proportion. In this system, sorting leads to the
formation of large clusters of non-motile cells sur-
rounded by streams of motile cells. Spontaneous
segregation has also been demonstrated for dense
mixtures of self-propelled and passive particles us-
ing Brownian dynamics simulations [24].

Experimentally, it has been reported that the
time course of cell sorting follows a power-law, also
referred to as algebraic scaling. Mehes et al. [7, 37]
studied the kinetics of cell sorting in mixtures of
keratocytes from various species. For mixtures of
primary fish keratocytes and EPC keratocytes, the
interface index γ and the growth of homotypic clus-
ters were approximately linear on a log-log scale.
This is in agreement with the scaling observed in
our model.

The key parameter in the system, k, may be di-
rectly compared to the ratio of diffusion constants
measured experimentally by Rieu et al. [20]. Inter-
estingly, the experimental value of k = 2, is too low
for segregation to occur in the model. Several as-
pects of cell dynamics, likely to affect the kinetics of
segregation, are not included in our minimal model.
As demonstrated by Belmonte et al. [21], collec-
tive motion can emerge from differential adhesion;
cells adhering more strongly to each other tend to
align their motion and this speeds up segregation.
Experimentally, and in computational simulations
of the DAH [1, 14, 2], segregation proceeds until
one phase envelops the other. Such a configura-
tion implies an asymmetry between the properties
of the two types of cells, not currently present in
our model.

6 Conclusion

The model described here is a minimal model
demonstrating that differential diffusion, deter-
mined by the local environment of each cell, is a
sufficient mechanism to drive segregation. In the
system considered, cells do not differ with respect
to their intrinsic motility properties.

The model suggests a kinetic mechanism for cell
sorting whereby differential adhesion or other local
cell-cell interactions give rise to differences in the
speed of diffusion, which leads to the segregation
behaviour observed macroscopically. The model
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may also explain cell sorting in systems where the
cells are not in direct contact.
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A Schelling model of cell segregation based only on local information
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While biological studies suggest that motility of cells is involved in cell segregation, few compu-
tational models have investigated this mechanism. We apply a simple Schelling model, adjusted to
reflect biological conditions, demonstrating how differences in cell motility arising exclusively from
differences in the composition of the local environment can be sufficient to drive segregation. The
work presented here demonstrates that the segregation behaviour observed in the original Schelling
model is robust to a relaxation of the requirement for perfect global information and that the
Schelling model is easily translated into a different context than the socio/economical. The model
reveals that the time course of cell segregation follows a power law in accordance with experimental
observations.

PACS numbers: 00

INTRODUCTION

There are numerous investigations that show segrega-
tion in biological systems, eg. in dissociated embryonic
tissue and endo- and ectodermal Hydra cells[1–3], but
the underlying mechanism is not yet fully understood.
In regards to explaining and simulating this behavior the
Differential Adhesion Hypothesis is currently the most
supported computational model. It is based on the view
that cell segregation seems similar to separation of liq-
uids eg. oil and water, where the system will attempt
to minimize surface tension by adhering similar cells and
separating dissimilar cells[4, 5]. This hypothesis has been
investigated computationally in various ways, usually by
implementing an energy function and applying Monte
Carlo simulation [6, 7]. The Differential Adhesion Hy-
pothesis has been successful in determining the equilib-
rium state of segregated systems, but does not reveal the
dynamics of segregation[6, 8]. Experiments furthermore
show that cell sorting is inhibited in the absence of active
cell motility, indicating that intercellular adhesion alone
is not sufficient to drive segregation.[9, 10]. This result
suggests that a study into the effect of motility on seg-
regation could reveal new information about the driving
mechanisms in segregation.

Strandkvist and coworkers have recently demonstrated
computationally, that segregation can be achieved, with-
out explicit adhesion, simply by allowing diffusive behav-
ior, where cells have the same intrinsic properties, but
the speed of diffusion is dependent on the immediate en-
vironment, such that cells in a foreign environment have
a higher diffusion speed[11].

The model used by Strandkvist takes inspiration in the
Schelling model which dates back to the 1960’s, where
it was first used to explain segregation in a sociological
context[12]. Since then it has been applied in various
ways[13–15], but to the best of our knowledge, an ac-
tual Schelling model has never been applied to biologi-

cal systems prior to this investigation. The idea behind
the Schelling model is fairly simple: Define a network
of agents on a lattice, choose the initial conditions, de-
cide on a utility function that will compute whether an
agent is satisfied with its environment, and define trans-
fer probabilities that dictate when an agent should move
away from its current position[16].

In this implementation of the Schelling model, two
types of cells are distributed on a 2D lattice where a
threshold constitutes the utility function, meaning an
agent will only tolerate a defined fraction of unlike cells
in the near environment before increasing diffusion ve-
locity. Previous versions of the Schelling model typically
include information about the potential utility of all al-
ternative residence sites when evaluating where to move
to[12, 16–18]. This assumes a level of global information
which might be available to human agents but is unre-
alistic in biological systems. The work presented here
demonstrates that the segregation behaviour observed in
the original Schelling model is robust to a relaxation of
the requirement for perfect global information and pro-
vides a version of the Schelling model more appropriate
for biological applications. We explore different utility
functions, which are all based on a higher probability to
move, if an agents nearest neighbours are predominantly
different from it. This is analogous to a cell having dif-
ferent diffusion constants depending on the immediate
environment.

THE MODEL

The model, we present in this study, is a Schelling
model, with some modifications to better represent the
biological nature of cell segregation. The measure of spa-
tial separation, and thus segregation, in the Schelling
model is defined by the underlying grid. We choose
a network consisting of a hexagonal grid with sides of
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Figure 1: (a) An example 5x5 grid showing how an agent sur-
rounded by unlike agents will swap places with its neighbour
more frequently than an agent surrounded by like agents. If
the agent swaps places, it picks a neighbour at random. (b)
A graphical view of the utility function. If the number of
unlike neighbours is more than θ, the agent will move with
the probability P = 1. Otherwise it will move with the lower
probability P = 1 − U0.

length L, considering it is analogous to the way biolog-
ical cells are distributed, unlike the commonly used von
Neumann or Moore neighbourhood. The boundaries are
periodic, each site in the grid is occupied by an agent
of either of two types and there are no vacancies in the
grid. A noteworthy property of this specific model is that
there is no global information, meaning an agent will not
take the utility of the new environment into account be-
fore moving. The only information available to an agent
is the type of its six nearest neighbours, which means
that differences in motility arise solely from the homo-
/heterogeneity of the local environment, see Figure 1.
Given this information about the local environment the
agent decides whether or not to randomly swap places
with one of its neighbours.

Initially we distribute an equal number of each of the
two types of cells randomly on the grid. The utility func-

t = 0; γ = 0.494 t = 103; γ = 0.169 t = 106; γ = 0.0915

Figure 2: An example of the time course of the segregation
process, showing how a system of 10.000 cells initially in a
completely random configuration, can segregate into well de-
fined domains due solely to a difference in cell motility.

tion is defined:

U(γi) =

{
U0 for γi < θ/6

0 else
(1)

where θ is the threshold and γi is the ratio between neigh-
bours that are different from the agent of interest and the
number of total possible neighbours. In the case of the
hexagonal grid, number of unlike neighbours can vary
between 0 and 6.

At each timestep L times L agents in the grid are se-
quentially chosen at random and evaluated according to
the utility function, see Figure 1. The probability for a
cell to move is then given by Pi = 1−U(γi) which means,
that if the agent in question has more unlike neighbours
than the threshold γi > θ then Pi = 1 − 0 = 1, and the
agent will swap places with a random nearest neighbour
with 100% certainty. If γi < θ then Pi = 1 − U0 and
the agent will swap places less frequently. This differ-
ence in P can be directly interpreted as a difference in
the diffusion constant:

D =
∆x2

∆t
=

1

1/P
= P (2)

To measure the segregation of the system we calculate
the fraction of unlike neighbours in the entire system:

γ =
∑

i

γi =
Total number of unlike neighbours

Total number of neighbours
(3)

We run the simulation for L = 100,
θ =

[
− 0.5

6 , 0.56 , 1.56 , 2.56 , 3.56 , 4.56 , 5.56 , 6.56
]

and
for each value of θ we test values of U0 =
[0.8000.9000.9500.9800.9951.00].

RESULTS

As shown in Figure 2 a system that is initially in a ran-
dom configuration is capable of segregating into domains
due solely to differences in cell motility arising from the
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Figure 3: Two examples of the time course of segregation.
The dynamics of segregation seems to follow a power law be-
fore reaching equilibrium.

composition of the near environment. We find that segre-
gation, measured as γ, seems to follow a power law when
plotted in time, as seen in Figure 3.

The resulting segregation is highly dependent on the
parameters θ and U0 as shown in Figure 4. Segregation
only appears for a threshold 2.5

6 < θ < 5.5
6 which is to be

expected. In the limit of θ = 6.5
6 the agent will only move

at the probability of P = 1−U0 and for θ = 5.5
6 the agent

will only choose to swap if it is completely surrounded
by unlike cells which has a very low likelihood giving an
effective probability of moving P = 1 − U0 and there is
thus no difference in motility (and a very low diffusion
velocity besides). In the other limit, where θ is between
− 0.5

6 and 2.5
6 , the agents will almost always choose to

swap and the actual difference in motility, which in this
model is the driving force of segregation, is simply not
present. This is comparable with other Schelling models
where segregation only occurs when there is a slight bias
(θ > 2.5)[12, 16].

As for the parameter U0 it is clear that segregation
gets stronger for values of U0 → 1. In the limit U0 = 1
we do not see any segregation except for θ = 3.5, which
indicates that a degree of fluctuation is necessary. For
values U0 very close to 1, the timescales get very large
because the value of equilibrium γ is very low. We run
the simulation with initial conditions of total segregation
in the range of parameters with slow time scales. The
system equilibrates somewhat faster and the equilibrium
value of γ is more easily established either directly or by
comparing the two available values of γ.
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Figure 4: A representation of equilibrium values of γ depen-
dent on the threshold in the utility function θ and maximum
utility U0 scaling from no segregation (light) to complete seg-
regation (dark).

DISCUSSION

Applying a Schelling model that only takes into ac-
count the local environment of cells, we manage to drive
segregation thereby reproducing the results by Strand-
kvist. The segregation observed is sensitive to the param-
eters introduced in our model and segregation only occurs
in a limited range of parameters. Previous Schelling mod-
els have used thresholds as utility functions[12, 14, 15],
but just by setting the rules in a biological context, by al-
lowing no global information and using a hexagonal grid,
the model becomes relevant for simulating the dynamics
of biological systems. The simplicity of our model is also
its strength. The fact that the dynamics of segregation
can be directly interpreted is a valuable feature since it
is something the Differential Adhesion Hypothesis can-
not accomplish, because the dynamics are dependent on
the choice of Monte Carlo simulation.

Turning our attention towards the experimental inves-
tigations into segregation of biological cells, we have two
ways of comparing our data. Firstly, Mehes et al. has
observed that the evolution of segregation with respect
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to time is linear on a loglog scale[19, 20], which is exactly
what we observe in our data.

Our results can also be translated into the ratio
k, which describes the difference in diffusion constants
(motility) between an agent surrounded by unlike cells
and an agent surrounded by like cells:

k =
D(γi = 1)

D(γi = 0)
(4)

These diffusion constants can be measured experimen-
tally, and Rieu et al. have found them to be D(γi =
1) = 1.05± 0.4µm2 and D(γi = 0) = 0.45± 0.2µm2[21],
which computes into the ratio k ≈ 2. In our model, the
diffusion constant translates directly into the probability
of swapping place with a neighbour:

k =
Pmove(γi = 1)

Pmove(γi = 0)
=

1

1− U0
(5)

The experimental value of k encourages a study of the
value U0 = 1

2 but our results show that segregation in this
model gets more significant as U0 approaches 1 where k
is between 50 and 200. Considering the model does drive
segregation for values of k closer to 2, although it is not as
profound, we might lack some important driving mecha-
nisms that are not included in this very simple model.

While the model exhibits segregation for agents with
identical intrinsic properties, it would be interesting to
apply intrinsic differences in motility between the two
cells[22, 23]. To better compare with experiments we pro-
pose to reconsider initial conditions, specifically changing
the ratio of the different types of cells (Rieu uses a ra-
tio of 1:9). Further, it might be of interest to include
more than two types of cells as has been done with the
Differential Adhesion Hypothesis [3]. One could include
a larger local neighbourhood for the agents to asses as
in [24, 25] giving a better resolution of the threshold pa-
rameter and a study into the application of more complex
utility functions might also be of interest.

CONCLUSION

Our results show that differences in motility, due to
the composition of the local environment cells find them-
selves in, is a sufficient mechanism to drive segregation.
Having formulated the model in a way that is directly
biologically interpretable, we may conclude that other
factors - such as collective motion or adhesion - are nec-
essary. The work presented here also demonstrates that
the Schelling model can be useful outside its original field
of socio/economy and is functional without perfect global
information.
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